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PREFACE. 



Algebra naturally follows Arithmetic in a course of scien- 
tilic studies. The language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in. a different language. 

It is the design of this work to supply a connecting link 
between Arithmetic and Algebra ; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M. Bourdon, 
which is justly considered, both in this countiy and in 
Europe, as the best text-book on the subject, which has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is 
fto arranged as to introduce a siwgVc \i\\\Ad^^^ x\s>\.^Kass^'^ 

in 



IV PREFACE. 

before, and the whole is so combmcd as to prepare the 
pupil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the aJgebruic 
analysis. 

It is about twenty years since the first publication of the 
Elementaey Algebra. Within that time, great changes 
have takefc place in the schools of the country. The sys- 
tems of matheriiatical instruction have been improved, new 
methods have*beeii developed, and these require correspond- 
ing modifications in the text-books. Those modifications 
have now been made, and this work will be permanent in 
its present form. 

Many chang^^ have been made in the present edition, at 
the suggestion f of teachers who have used the work, and 
favored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author ; and I shall feel myself under special 
obligation to all who vnH be at the trouble to communicate 
to me, at any time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
the cordial co-operation of teachers and authors — ^by joint 
labors and mutual efforts — ^that the text-books of the counti7 
can be brought to any reasonable degree of perfection, 

Columbia Ccllege, New York, March^ 1859. 
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SUGGESTIONS TO TEACHERS. 



1. Tns Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

V 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed to 
such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

6. Therefore, to teach one thing at a time — to teach that 
thing well — ^to explain its connections with other thhigs, 
and the consequences which follow from such conne.Hions, 
would seem to embrace the whole art of mstruction. 
yiii 
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INTBODUCIION. 

MENTAL EXEBCISES. 

LESSON L 

1. John and Charles have the same mimber of apples; 
both together have twelve : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, smce they have an equal number, x will also denote 
the number which Charles has, and twice a;, or 2a;, will 
denote the number which both have, which is 12. If twice 
X is equal to 12, x will be equal to 12 divided by 2, which 
is 6 ; therefore, each has 6 apples. 

WEITTEN. 

Let x denote the number of apples which John has; 

then, 

12 
jB + 05 = 2a5 = 12; hence, a; = — = 6. 

Note. — ^When x is written with the sign + before it, 
it is read plies x : and the line above, is read, x plies x 
eqvxils 12. 
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Note.— When 


X is 


written by itself, it is read one xt 


and is the same as, 


, i«; 




X or laj, 


means once sc, or one x^ 


2x, 


u 


twice aj, or two a, 


Zx, 


u 


three times a, or three jc, 


4x, 


<«• 


four times a, or four Xy 


Ac, 




&€., &c. 



2. What is X + X equal to ? 

3. What is a; -f 2a; equal to ? 

4. What is a; -f 2a; -f x equal to ? 
6, What is a; + 5aj + « equal to ? 

6. What is a; + 2aj + 3aj equal to ? 

7. James and John together have Jwenty-four peaches, 
and one has as many as the other : how many has each ? 

Analysis. — ^Let x denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x will denote the 
number which both have, which is 24. K twice x is equal 
to 24, X will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 peaches. 

WBITTEN. 

Let X denote the number of peaches which James has ; 
then, 

24 
a; + aj = 2a; = 24; hence, a; = -~ = 12, 

VERIFICATION, 

A Verification is the operation of proving that the num- 
.ber found will s^isfy the conditions of the question. Thus, 

James* apples. John's apples. 

12 -f 12 = 24. 

Note. — Let the following questions be analyzed, ioritte?i, 
and verified, in exactly the same manner as the above. 
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8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

9. What number added to itself will make 20 ? 

10. James and John are of the same age, and the sum of 
their ages is 32 : what is the age of each ? 

1 1 . Lucy and Ann are twins, and the sum of their ages 
is 16 : what is the age of each ? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make 50? 

14. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each ? 

15. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have V2 : how many has each ? 

17. What number added to itself \d\\ give a sum equal 
to 46? 

1 8. Lucy and Ann have each a rose bush with the same 
number of buds on eacli ; the buds on both number 46 : 
how many on each? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has tAvice as many as' John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles has Uvice as many, 2x will 
denote his share, and x + 2aj, or 3a;, Avill denote the 
number which they both have, which is 12. If Sx is equal 
to 12, a will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Charles, having twice as 
aiany, has 8. 
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WRITTEN. 

Let X denote the number of apples John has , then, 
2x will denote the number of apples Charles has; and 
X + 2x = Sx = 12, the number both have; then, 

12 
a = — = 4, the number John has ; and, 
3 

2a5 = 2 X 4 = 8, the number Charles has. 

rERIFICATIOX. 

4 -f 8 = 12, the number both have. 

2. William and John together have 48 quills, and William 
has twice as many as John : 4iow many has each ? 

3. What number is that which added to twice itself, will 
give a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as John has; together they have 51 : how many has each? 

Analysis. — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let X denote the number which Charles has; then 2x 
will denote the number which John has, and a; + 2aj, or 
3a;, -will denote what thoy both have, which is 51. Then, if 
3a5 is equal to 51, x will be equal to 51 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let X denote the number of Charles' marbles ; then, 
2a; will denote the number of John's marbles ; and 

3a; = 51, the number of both ; then, 

51 
a; ~ -— = 17, Charles' marbles; and 
3 

17 X 2 = 34, John's marbles. 
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5. What number added to twice itself will make 75 ? 

6. What number added to twice itself will make 57 ? 

7. What number added to twice itself will make 39? 

8. What number added to twice itself will give 90? 

9. John walks a certain distance on Tuesday, twice as 
far on Wednesday, and in the two days he walks 27 miles : 
bow far did lie walk each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
on both bushes there are 30 : how many on each ? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double, 
the other. 

13. Divide 06 into two such parts that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers ? 

Analysis. — ^Let x denote one of the numbera; then, 
since the numbers are equal, x a\t11 also denote each of 
the others, and x plus x plus a, or Sx will denote their 
sum, which is 12. Then, if 3a5 is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

WRITTEN. 

Let X denote one of the equal numbers ; then, 
X -\- X -{- X = 3x = 12; and 

« = - = 4. 

VERIFICATION. 
4 + 4 4- 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are the 
numbersr ? 
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17. The sum of tlircc equal numbers is 54 : what are the 
numbers ? 



LESSON m. 

1, What number is that which added to three times itself 
will make 48 ? 

Analysis. — ^Let x denote the number; then, 3x will 
denote three times the number, and x plus 3jb, or 4a^ 
will denote the sum, which is 48. If 4x is equal to 48, 
X will be equal to 48 divided by 4, which is 12; there- 
fore, 12 is the required number. 

WllITTEN. 

Let X denote the number; then, 

Sx = three times the nmnber; and 
X -\- Sx =z ix = 48, the sum: then, 

a; = — = 12, the required number. 

VEEIFICATION. 

12 + 3 X 12 = 12 + 36 = 48. 

Note. — ^All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself ^vill give 40 ? 

3. What number added to 5 times itself will give 42 ? 

4. What number added to 6 tunes itself Avill give 63 ? 
6. What number added to 7 times itself will give 84 ? 

6. What number added to 8 times itself will give 81 ? 

7. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John has 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
^ Ihncs as many as William ; how many has each ? 
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10. James and Jolin travel 96 miles, and James travels 
1 1 times as far as John : how far does each travel ? 

11. The smn of the ages of a father and son is 84 years; 
and the father is 3 times as old as the son : what is the ago 
of each ? 

12. There are two numbers of which the greater is 7 
times the less, and their sum is 72 : what are the numbers ? 

13. The sum of four equal mmibers is 64 : what are the 
numbers ? 

14. The sum of six equal numbers is 54 : what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 7 times as many as he loses wliich takes all 
he has : how many did he give away ? Verify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other ; how many does he give to each ? 

17. What is the sum of x and 3a;? Of x and 7a;? 
Of X and 5a;? Of a; and 12a;? 



LESSON IV. 

1. If 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since x 
denotes any 7iumber of apples, the cost of x apples will bo 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since x 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2a; cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If 1 lemon costs 4 cents, what v/\il x \^mow^ q.q>"&\»*1 
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5. K 1 orange costs C cents, what will x orangey cost ? 

6. Charles bought a certain number of lemons at 2 centa 
apiece, and as many oranges at 3 cents apiece, and p^d in all 
20 cents : how many did he buy of each ? 

Analysis. — ^Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, 3a; will denote 
the cost of the oranges; and 2x -f 3jb, or 6a, will denote 
the cost of both, which is 20 cents. Now, since 5x cents 
are equal to 20 cents, x will be equal to 20 cents divided by 
5 cents, which is 4 : hence, he bought 4 of each. 

WRIITEN. 

Let X denote the number of lemons, or oranges ; then, 
2x = the cost of the lemons ; and 
Sx = the cost of the oranges ; hence, 
2x + 3a; =^ 5x = 20 cents = the cost of lemons and 

oranges; hence, 

X = — - = 4, the number of each. 

5 cents 

VERIFICATION. 

4 lemons at 2 cents each, give, 4x2= 8 cents. 

4 oranges at 3 cents each, " 4 x 3 = 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

7. A farmer bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost 60 dollars: how many did he buy of 
eacli ? 

8. Charles bought a ceilain number of apples at 1 cent 
a])iece, and an equal number of oranges at 4 cents apiece, an 
paid 50 cents in all : how many did he buy of each ? 



MENTAL EXERCISK8. 17 

9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
12 cents in all : how many did he buy of each ? Verify. 

10. A farmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 5 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did ho buy of 
each? 

11. A former sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillings apiece, the geese 5, and the turkeys 
V : how many did he sell of each sort? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth^ each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is twice 
the first, and the third twice the second: what are the 
numbers ? Verify. 

14. The sum of three numbers is 04 ; the second is 3 times 
the first, and the third 4 times the second : what are the 
numbers ? 
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1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost ? 

Analysis. — ^Two yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yard of cloth costs x doUara, 
2 yai-ds will cost twice x dollars, or 2x dollars. 

2. If 1 yard of cloth costs x dollars, what ^^ill 3 yards 
cost? Why? 
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3. If 1 orango costs x cents, what wiD 7 craDgeA cost f 
Wliy ? 8 oranges ? 

4. Charles bought 3 lemons and 4 oRUgcs, for which he 
psud 22 cents. Kc paid twice as mnch for an orange as for 
a lemon : what was the price of each ? 

Analysis. — ^Let x denote the price of a lemon ; then, 2x 
will denote the price of an orange ; dx will denote the cost 
of 3 lemons, and 8a; the cost of 4 oranges ; hence, dx plus 
8av or llaj, will denote the cost of the lemons and oranges, 
which is 22 cents. If 11a; is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, tho 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

WKl'lTKN. 

Let X denote the price of 1 lemon; then, 
2a; = " 1 orango; and, 

3cr + 8a; = 11a; = 22 cts., the cost of lemons and oranges; 

22 cts 
hence, x = — — -^ = 2 cts., the price of 1 lemon ; 

and, 2x2 = 4 cts., the price of 1 orange. 

VERIFICATION. 

3x2= 6 cents, cost of lemons, 
4 X 4 = 16 cents, cost of oranges. 
22 cents, total cost. 

5. James bought 8 apples and 3 oranges, for which ho 
paid 20 cents. He paid as much for 1 orange as for 4 apples; 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 1 pigs, for which he paid 
19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

7. James bought an apple, a peach, and a pear, for which 
he paid cents. He paid twice as much for the peach as for 
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the apple, and three times as much for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid twice as much for the 
lemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A fanner sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves : 
what was the price of each ? 

10. Lucy bought 3 pears and 5 oranges, for which she 
paid 26 centB, giving twice as much for each orange as for 
each pear : what was the price of each? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 50 cents 
among them, so that John shall have twice as many as 
James, and Charles twice as many as John: what is the 
share of each ? 

13. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the thii'd as 
many as the first and second : how many will there be in 
each. 

14. Divide 60 into four such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what are the numbers ? 



LESSON VL 

1. If 2a; + SB is equal to 3aj, what is 3a; — a; equal 
to ? Written, 3a; ~ a; = 2a;. 

2. What is 4a; — a; equal to ? Written, 

4a; — a; = 3a;. 
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8. What is 8a; minus Qx cqu.al to ? Written, 
8a; — 6a; = 2x. 

4. Wliat is 12a; — 9a; equal to? A7i8. Sasi 

5. What is 15a; — Ix equal to ? 

6. What is 17a; — 13a; equal to? A7is. 4a^ 

7. Two men, who are 30 miles apart, travel towards each 
otlier ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long before they will meet? 

Analysis. — ^Let x denote the number of hours. Then, 
since the time, multiplied by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and 3aj 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a; + 3a; = 6a; = 30 miles ; 
and if 5x is equal to 30, x is equal to 30 divided by 5, 
which is 6 : hence, they will meet in 6 hours. 

WRITTEN. 

Let X denote the time in hours; then, 

2a; = the distance traveled by the 1st ; and 
3a; = " " 2d. 

By the conditions, 

2a; 4- 3a; =r 5a; = 30 miles, the distance apart ; 

hence, x = --- = 6 hours. 

5 

VERIFICATION. 

2 X 6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second. 
30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 3 miles an hour, 
and the second at the rate of 5 miles : how long, before the 
second will oveitake the first ? 
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Analysis. — ^Let x denote the time, in hours. Then, Sx 
will denote the distance traveled by the first in x hours; 
and 5x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 mileji 
more than the first : hence, 

5a; — 3a; = 2a5 = 10; 
if 2a; is equal to 10, x is equal to 5 : hence, the second will 
overtake the first in 6 hours. 

WRITTEN. 

Let X denote the time, in hours: then, 
3a; r= the distance traveled by the 1st ; 
and, 5x = " " 2d; 

and, 5a; — 3a; = 2a; = 10 hours; 

or, a; = — - = 5 hours. 

VERIFICATION. 

3x5 = 15 miles, distance traveled by 1st, 
5 X 5 = 25 miles, " " 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistern ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute ; but there is a 
traste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first cost 3 dollars a yard, and the second 5, and 
both pieces cost 96 dollars ; how many yards in each ? 

13. Two pieces of cloth contain each an equal number of 
yards ; the Brst cost 7 dollars a yard, and \Avci ^eco\v^ t> \N}wi^^ 
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cost 60 dollars more than the second : how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons 
tlie oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 56 cents for the whole : how many did he buy of 
each kind ? 

15. Charles bought an equal number of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he paid 14 cents more for the oranges than for 
the lemons : how many did he buy of each ? 

16. Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at the end of 
the time they receive 54 dollars : how long did they work f 
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1. John and Charles together have 25 cents, and Charles 
has 6 more than John : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, JB -f 5 will denote the number which Charles has, and 
a; + a; + 6, or 2aj + 6, will be equal to 25, the number ' 
they both have. Since 2a; -f 5 equals 25, 2a; will bo ' 
equal to 25 minus 6, or 20, and x will be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, and 
Charles 15. 

WRITTEN, 

Let X denote the number of John's cents ; then. 



a; -f 5 


=r 




(( 




Charles' cents ; and, 


-fa + 5 


= 


25, 


the numbci 


• they both have ; or, 


2a; + 5 
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25; 


and, 






2a; 
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25 


~ 5 = 


20; 


; hence, 


X 
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20 
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= 


10, 


John's number; and, 






10 -f 5 = 


15, 


Charles' number. 
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VERIFICATION. 


John's. 


Charles*. 




10 


+ 15 


= 25, the Bum, 


Wwrles'. 


John's, 




15 


- 10 


= 5, the difference. 
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2. James and John have 30 marbles, and John has 4 more 
than James : how many has each ? 

3. William bought 60 oranges and lemons ; there were 
20 more lemons than oranges: how many were there ol 
each sort ? 

4. A &rmer has 20 more cows than calves ; in aU he has 
36 : how many of each sort? 

5. Lncy has 28 pieces of money in her purse, composed 
of cents and dimes ; the cents exceed the dimes in nimiber 
by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 

7. What number added to twice itself, and to 4, will 
make 25? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each ? 

1 0. There are three numbers, of which the second is twice 
the first, and the tliird twice the second, and when 9 is 
added to the sum, the result is 30 : what are the numbers? 

11. Divide 13 into two such parts that the second shall 
be two more than double the first : what are the parts ? 

12. Divide 50 into three such parts that the second shall 
be twice the first, and the third exceed six times the first 
by 4 : what are the parts? 

13. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if 7 be added to what they 
all have, the sum will be 28 : how many has each ? 

14, Divide 15 into three such parts that the second shall 
be 3 times the first, the third twice the second, and 6 over : 
what are the numbers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many arc there of each ? 
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1. John after giving away 5 marbles, had 12 left: how 
many had he at first ? 

Analysis. — ^Let x denote the number ; then, x minus 6 
will denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to 17 : therefore, he had 17 marbles. 

WBITTEN. 

Let X denote the number he had at first; then, 
a: — 5 = 12, what he had left; and 

SB = 12 + 6 = 17, what he first had. 

VERIFICATION. 

17 — 6 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left : how many had 
he at first? 

3. William gave 15 cents to John, and had 9 left: how 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
were 1 9 left : liow many were there at first ? 



\ 
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6. William took 27 cents from bis purse, and there were 
13 left: how many were there at first? 

6. The smn of two nunibcrs is 14, and their difference is 2: 
what are the nmnbers? 

Analysis. — ^The difference of two numbers, added to tl o 
lessj will give the greater. Let x denote the less number ; 
then, a + 2, will denote the greater, and a; + a; + 2, 
will denote their sum, which is 14. Then, 2a; + 2 equals 
14; and 2a5 equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 + 8 = 14, their sum ; and 
8 — 6 == 2, their difference. 

I. The sum of two numbers is 18, and then- difference 6 ; 
what are the numbers ? 

8. James and John have 2G marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal number of oranges and 
lemons ; Charles took 5 lemons, after wliich William had but 
25 of both sorts : how many did he buy of each ? 

II. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
Is 6 : what are the numbers ? 

Analysis. — ^If x denotes the greater number, a; — 6 will 
denote the less, and a; + a; — 6 will be equal to 20 ; hence, 
2aj equals 20 + 6, or 20, and x equals 26 divided by 2, 
equals 13 ; hence the numbers are 13 and 7. 
2 
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WRITTEN. 

Let X denote the greater; then, 

a; — 6 = the less ; and 

85 4- Of — 6 = 20, their sum ; hence, 

2a5 = 20 + 6 = 26 ; or, 

26 
a = — = 13 ; and 13 — 6 = 7, , 

VERIFICATION. 

13 + 7 = 20 ; and, 13 — 7 = 6. 

13. Tlie sum of the ages of a father and son is 60 ycaii^ 
and their difference is just half that number : what are theii 
ages ? 

14. The sum of two numbers is 23, and the larger lackfl 
1 of being 1 times the smaller : what are the numbers ? 

15. Tlie sum of two numbers is 50 ; the larger is equal to 
1 times the less, minus 6 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 53: 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num- 
ber is 30 : how many of each sort ? 



LESSON IX. 

1. If a; denotes any number, and 1 be added to it, what 
will denote the sum ? A7is. a + 1. 

2. If 2 be added to a^ what will denote the sum ? If 3 
be added, what ? If 4 be added ? &c. 

If to John's marbles, one marble be added, twice his nuiU' 
ber will be equal to 10 : how many had he ? 

Analysis. — Let x denote the number ; then, a -f 1 will 
denote the number after 1 is added, and twice tliis niinibor. 
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or 2x + 2, will be equal to 10. If 2a5 + 2 is equal to 10, 
2x will be equal to 10 minus 2, or 8 ; or x will be equal to 4. 

WBIITEN'. 

T^ct X denote the number of John's marbles ; then, 

X + 1 =z the number, after 1 is added ; and 

2(aj + 1) = 2aj + 2 = 10; hence, 

8 
2a5 = 10 — 2 ; or 05 = - = 4. 

YERIFIGAllON. 

2(4 + 1) = 2 X 6 = 10. 

4. Write 05+2 multiplied by 3. Ans. 3(« + 2). 
What is the product ? Ans. 3a5+6. 

5. Write ar + 4 multiplied by 5. Ans. 5{x + 4). 
What is the product ? Ans. 5x + 20. 

6. Write 05 + 3 multiplied by 4. Ans. 4(x + 3). 
What is the product ? Ans. 4x + 12. 

7. Lucy has a certain number of books ; her father gives 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 : 
how many were in blossom at first? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 15 : how many 
has each ? 

Analysis. — ^Let x denote Charles' apples ; then a + 1 will 
denote John's ; and a 4 1 multiplied by 3, added to Xj or 
3a! + 3 + 05, will be equal to 15, what they both had; hence, 
ix + S equals 16; and 4x equals 15 minus 3, or 12; and 
K = 4. Write, and verify. 
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11. Jaincs has two marbles more than William, and i 
his marbles plus twice William's are equal to 16 : how 
has each ? 

12. Divide 20 into two such parts that one part sliall ex- 
ceed the other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : how many of each 
sort? 

14. What is the sum of a + 3aj + 2{x + 1) ? 

15. WTiat is the sum of 2{x + 1) + l{x + 1) + a;? 

16. WTiat is the sum of a; + 5(x + 8) ? 

17. The sum of two numbers is 11, and the second is eqad 
to twice the fii-st plus 4 : what are the numbera ? 

18. John bought 3 apples, 3 lemons, and 3 oranges, fiar 
which he paid 27 cents ; he paid 1 cent more for a lemoa 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 16 cents ; Mary has 1 
more than Lucy, and Ann twice as many as Mary ? 



LESSON X. 

1. If X denote any number, and 1 be subtracted fremiti 
what will denote the difference ? A7is, ic — !• 

If 2 be subtracted, what will denote the difference ? If 
8 be subtracted ? 4 ? &c, 

2. John has a certain number of marbles ; if 1 be takea 
away, twice the remainder will be equal to 12 : how many 
has he ? 

Analysis. — ^Let x denote the number ; then, jc — 1 wi 
denote the number after 1 is taken away ; and twice thi 
number, or 2 (a: — 1) = 2a; — 2, will be equal to 12. If 2; 
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diminished by 2 is cqaal to 12, 2a; is equal to 12 plus 2, or 
14 ; hence, x equals 14 divided by 2, or 7. 

WBTITEN. 

Let X denote the number; then, 

aj — 1 = the number which remained, and 

2(a: — 1) = 2a; — 2 =• 12 ; hence, 

14 
2aj = 12 -f 2, or 14 ; and x — — = 1. 

VEKIPICATION. 

2(7-1) = 14 - 2 = 12 ; also, 2(7 - 1) = 2 x 6 = 12 

8. Write 3 times « — 1. Ana. 3(a; — 1). 

What is the product equal to ? Ana. Sa; — 3. 

4. Write 4 times a; — 2. Ans. 4(a; — 2). 
What is the product equal to ? Ana. 4a5 — 8. 

5. Write 5 times x — h. Ana, 6 (as — 6). 
What is the product equal to ? Ana. bx — 25. 

6. If a; denotes a certain number, will a; — 1 denote a 
greater or less number ? how much less ? 

7. If a; — 1 is equal to 4, what will x be equal to ? 

Alia. 4 + 1, or 6. 

8. If a; — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
6 less than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each? 

11. Ann has a certain number of oranges ; Jane has 1 less, 
and twice her number added to Ann's make 13 : how many 
has each ? 



f^ 



Analysis. — ^Let x denato the number of oranges which 
has; then, a; - 1 will denote the number Jane has, 
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and a -f 2a5 — 2, or 3aj — 2, will denote the number 1 
have, which is 13. If 3aj — 2 equals 13, Sx will be equal] 
to 13 + 2, or 15 ; and if 3a; is equal to 15, x will be equd 
to 15 divided by 3, which is 6 : hence, Ann has 6 orangd. 
and Jane 4. 

witrrTEN. 

Let X denote the number Ann has ; then, 

« — 1 = the niunber Jane has ; and 

2(aj — 1) = 2a; — 2 = twice what Jane has; also, 

« + 2a; — 2 = 3a; — 2 = 13; hence, 

15 
3a; = 13 + 2 = 15 ; or a; = -— = 6. 

VERIFICATION. 

6-4 = 1; and 2x4 + 5 = 13. 

12. Charles and John have 20 cents, and John has 6 loss 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 5 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears; 20 in 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort ? 

15. If 2a; — 5 equals 15, what is the value of x? 

16. If 4a5 — 5 is equal to 11, what is the value of a;? 

17. If 6a5 — 12 is equal to 18, what is the value of x? 

18. The sum of two numbers is 32, and the greater ex- 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 munbers is 9; if the greater nunibe-^ 
be diminished by 5, and the remainder multiplied by 3, th«. 

product will be the less number : what are the numbers? 
^0, There are three numbers auc\i\^at \ \a^MscLi\Qvxi>^>k 
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first will give the second ; the second multiplied by 3 will 
give the third ; and their sum is equal to 26 : what are the 
numbers? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
5, the product will be equal to Charles' number : how many 
has each ? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



LESSON XL 

1. John has a certain number of apples, the half of which 
is equal to 10 : how many has he ? 

Analysis. — Let x denote the number of apples ; then, 
X divided by 2 is equal to 10 ; if one half of x is equal to 
10, twice one-half of jc, or o^ is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — ^A similar analysis is applicable to any one of the 
firactional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 15 : how many has he ? 

3. If one-fifth of a number is 6, what is the number ? 

4. If one-twelfth of a number is 9, what is the number? 
6. What number added to one-half of itself will give a 

sum equal to 12 ? 

Analysis. — ^Denote the number by x ; then, x plus ont- 
half of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
t lialves of X equal 12, one-half of x e(\v\^\^ o\\vi-\X\\\^ ^^ VL^ 



32 IXTRODCCTION. 

or 4. If one-half of x equals 4, x equals twice 4, 4fr 8* 
bcnce, x equals 8. 

WBriTKN. 

Let x denote the number; then, 

1 3 

a; + -sc = ^ = 12 ; then, 

-x = 4, or as = 8. 

VEBrBlCATION. 

8 + ? = 8 + 4 = 12. 

6. What number added to one-third of itself will give a 
sum equal to 12? 

7. What number added to one-fourth of itself will ^ve 
a sum equal to 20 ? 

8. Wliat number added to a fifth of itself will make 24 f 

9. What number diminished by one-half of itself will 
leave 4? Why? 

10. What number duninished by one-third of itself will 
leave G ? 

11. James gave onc-sevcnth of his marbles to Williami 
and then has 24 left : how many had he at first ? 

12. What number added to two-tliirds of itself will ^ve 
a sum equal to. 20 ? 

13. What number diminished by three-fourths of itself 
will leave 9 ? 

14. Wliat number added to five-sevenths of itself will 
make 24 ? 

1 5. Wliat number diminished by seven-eighths of itself 
will leave 4? 

10. Wliat number added to e:glt-ninths of itself will 
nmkc 34 ? 
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CHAPTER L 

DEFINITIONS AND EXPLANATORY SIGNS. 

1. QuANTrrr is anything that can be measured, as num- 
ber, distance, weight, time, &c. 

To measure a thing, is to find how many times it contains 
some other thing of the same kind, taken as a standard. The 
assumed standard is called the unit of measure. 

2. Mathematics is the science which treats of the pro 
perties and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Units, viz. : Units of 
Number/ Units of Currency ; Units of Length ; Units of 
Surface; Units of Volume; Units of Weight; Units of 
Time ; and Units of Angular Measure. 

3. Algebra is a branch of Mathematics in which the 
quantities considered are represented by letterw, and tho 
operations to be performed are indicated by signs. 

1. What is quantity ? What is the operation of measuring a thing t 
What is the assumed st&ndard called ? 
■ 2. What is Mathematics ? How many kinds of quantity are there va 
Jic pure mathematics? Name tho inits of those C!^\ia.iiW\\^^ 
8. What is AJgobra? 

f i* 
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I 

4. The quantities employed in Algebra ai-e of two kinda^ 
Knovm and Unknown : 

Kmyvon Quantities are those whose values are given ; 

and 
Unknown Quantities are those whose values are re- 
quired. 
Known Quantities are generally represented by the lead- 
ing letters of the alphabet, as, a, d, c, &c. 

Unknoton Quantities are generally represented by tli« 
final letters of the alphabet ; as, se, y, s, &c. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a/, a/', a/'. These symbols are read : x prime; x second; 
X thirdy €&c, 

5. The Sign of Addition, +> is called plus. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + 5, is read, a plus J, 
and indicates that h is to be added to a. If no sign is 
written, the sign + is understood. 

The sign +, is sometimes called \h(i positive sign, and the 
quantities before which it is written are qvHHq^ positive qwmr 
titieSj or additive qicantities, 

6. The Sign of SuBTRAcnoN, — , is called mimes. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities arc employed in Algebra ? How are 
they distinguished ? What are known quantities ? What are unknown 
quantities ? By what are the known quantities represented ? By what 
are the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

6. What is the sign of addition called? When placed between two 
juantitics, what docs it indicate ? 

6. What is the sign of subtraction called ? When placed between two 
quautiti(»s, what docs it indicate ? 
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c — rf, rod c minus dj indicates that c^ is to bo subtracted 
from c. U a stands for 6, and d for 4, then a — d ia equal 
to 6 — 4, which is equal to 2. 

The y-gn — , is sometunes called the negative sign, and the 
quantities before which it is wiitten are caJled negative quan- 
MtieSy or stibtractive quantities. 

7. The Sign op Multiplication, x, is read, multiplied 
bj/j or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a X b indicates that a is to be multiplied by £. If a stands 
for 7, and h for 5, then, a X 5 is equal to 7 x 6, which is 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X b signifies the same thing as ab^ or as a,b, 

a X b X c signifies the same thing as abc^ or as a,b,c, 

8. A Factor is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, 6aAc, there are four factors : the numeral fkctor^ 
6, and the thi'ce literal fiictors, «, 5, and c. 

9. The Sign op Division, -^, is read, divided by. Wlien 
written between two quantities, it indicates that the first is 
to be divided by the second. 

7. How is the sign of multiplication read ? When placed between two 
quantities, what docs it indicate ? In how many ways may multiplication 
bo indicated ? 

8. What is a factor ? How many kinds of fa<3tors are there ? How 
many factors arc there in Zahc ? 

9. How is the sign of division read ? When written between two quan- 
tities, what does it indicate? How many ways arc there of indicating 
division ? 

\ 

I 
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There arc three signs used to denote division. Thus, 
a -T- b denotes that a is to be divided by b. 
7 denotes that a b to be divided by b. 

a I b denotes that a is to be divided by b. 

10. The Sign of Equautt, =, is read, equal to. When 
written between two quantities, it indicates that they are 
equal to each other. Thus, the expression, a + 5 = c, ra- 
dicates that the sum of a and b is equal to c. Ifr a stands 
for 3, and b for 6, c will be equal to 8. 

11. Tlie Sign op Inkquauty, > <, is read, greater 
thnn^ or less than. When placed between two quantities, 
it indicates that they arc imequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > Z», indicates that a is greater than 6; and the expres- 
sion, c <Z d^ indicates that c is less than d. 

12. The sign . • . means, there/ore^ or conseqiumUy. 

18, A CoEFFicTENT is a number written before a quan- 
tity, to show how many tunes it is taken. Thus, 

a + a + a + a + a = ha^ 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a number ^ or a 
letter. Thus, hx indicates that x is taken 6 times, and oas 

10. What is the sign of equality ? When placed between two quanti ' 
tics, what docs it indicate ? 

11. How is the sign of inequality read? Which quantity is placed on 
the side of the opening ? 'm, 

12. What does .*. indicate? 
IZ. What is a coefficient? How many times is a taken in 6a. By\ I 

what may a coefficient be denoted ? If no coefficient is written, what t 
coefficient is understood ? In 6ax^ how many times is ax taken? Ifow. 
iikany times is x taken ? 
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indicates that x is taken a times. If no coefficient is writ- 
ten, the coefficient 1 is understood. Thus, a is the same 
as la. 

14. An ExpoNxsn^ is a number written at the right and 
above a quantity, to indicate how many times it is taken aa 
a fector. Thus, 

a X a is written a% 

a X a X a " a\ 

^axaxaxa " a*, 

m which 2, 3, and 4, are estponents. The expressions are 
read, a square, a cube or a third, a fourth ; and if we have 
a**, in which a enters m times as a factor, it is read, a to 
tlie mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus, a^ is the same as a, each denoting that a 
enters but once as a factor. 

15. A Power is a product which arises from the multi- 
plication of equal factors. Thus, 

a X a = a^ is the square, or second power of a, 
axaxa = a^\s the cube, or third power of a. 
axaxaxa = a* is the fourth power of a. 
a X a X ... . = a** is the mth power of a, 

16. A Root of a quantity is one of the equal factors, 
Tlie radical sign, ^ , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. Tlio 
root is indicated by a number written over the radical sign, 

14. What is an exponent? In a', how many times is a taken as a fac- 
tor? When no exponent is written, what is understood? 

15. What is a power of a quantity? What is the third power of 2? 
Of 4? Of 6? 

i 6. What is the root of a quantity ? What indicates a root ? What 
indicates the kind of root? What is tlic index of the square root? Of 
the cube root ? Of the mth root ? 
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called an index. When the index is 2, it is generally, omit* 
ted. Tlius, 

\/aj or y^ indicates the square root of a. 
^/a indicates the cube root of a. 
^a indicates the fourth root of cr. 
?^/a indicates the mth root of a. 

17. An Algebraic Expression is a quantity written in 
Jgebraic language. Thus, 

g j is the algebraic expression of three times 

( the number denoted by a ; 
g - i ^ ^^^ algebraic expression of five times 
( the square of a ; 

/ is the algebraic expression of seven times 
*Ia^b^< the the cube of a multiplied by the 
( square of b ; 
is the algebraic expression of the differ- 
3a — 65 -I ence between three times a and five 
times ft; 
is the algebraic expression of twice the 
square of a, diminished by three times 
the product of a by ft, augmented by 
four times the square of ft. 

18 A Term is an algebraic expression of a single quan- 
tity. Thus, 3or, 2aft, — 5a^b\ are terms. 

19. The Degree of a term is the number of its literal 
fectors. Thus, 

j 5s a term of the first degree, because it contains but 
( one Uteral fiictor. 

lY. What is an algebraic expression 

18. What is a term? 

1 9. What Ls tlic degree of a term ? What determines the degree of a term f 



2a«- 3aft + U^^ 
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- « j is of the second degree, because it contains two lito- 
( ral Actors. 

f is of the fourth degree, because it contains four literal 
7a'^b < fectors. The degree of a term is determined by 
( the sum of the exponents of all its letters. 

ao. A Monomial is a single term, unconnected with any 
other by the signs + or — ; thus, Sa\ Sft^er, are monomials. 

21. A Polynomial is a collection of terms connected 
by the signs + or. — ; as, 

3a — 5, or, 2a^ — 3 J + 4b\ 

22. A Binomial is a polynomial of two tenns ; as, 

a + by Za^ — c% Qdb — c\ 

23. A TmNOMiAL is a polynomial of three terms ; as, 

abc — a^ + 0^ ah ^ gh — /. 

24. Homogeneous Terms are those which contain the 
same number of literal factors. Thus, the terms, abc^ — a\ 
+ c^ are homogeneous ; as are the terms, aft, — gh, 

25. A PoLYNoanAL IS noJiOGENEOus, wheu aU its terms 
\\ homogeneous. Thus, the polynomial, abc —'a^-\-(!^y is 
*iomogeneous ; but the polynomial, ab ^ gh — f is not ho- 
mogeneous. 

26. Similar Ter^is are those which contain the same 
literal factors affected T\'ith the same exponents. Thus, 

*Iab + Sab — 2a6, 

20. What is a monomial ? 

21. What is a polynomial? 
?.2. What is a binomial ? 

23. What is a trinomial? 

24. What are homogeneous terms ? 

9,6, Wlien is a polynomial homogeneous ? 
26. What arc similar terms ? 



./ 
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are similar terms ; and so also are, 

bat the terms of the first polynomial and of the last, are not 
similar. 

97. Tub Vinculum, , the Bar \ , the Parens 

thesiSj ( ) , and the Brackets^ [ ] , are each used to con* 
ncct several quantities, which are to be operated upon in the 
same manner. Thus, each of the expressions, 

a X 
a + b + c XJB, + b (a + b + c) X Xy 

+ c 
and [a + b + c] X Xj 

indicates, that the sum of a, d, and o, is to be multiplied 
by X. 

9§. The REapROCAL of a quantity is 1, divided by tliat 
quantity; thus, 

1 1 c 

a' a + y iV 
are the reciprocals of 

c 
29. The Numerical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then perfonning the operations indicated. Tims, 
the numeiical value of the expression, 

ab •\' he •\' <7, 
when, a = 1, J = 2, <; = 3, and <? = 4, is 

1x2 + 2x3 + 4 = 12; 
by performing the indicated operations. 

27. For what is the vincular used ? Point out the other ways in whi<4 
this may be done ? 

28. What is the reciprocal of a quantity? 

29. What 18 the numerical value < f an v\\gQ\)va\cxA ctv^c«s\otv^ 
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EXAMPLES IN WBITIXG ALGEBSAIC KXPEESSIONS. 

1. Write a added to h, Ans. a -f b. 

2. Write b subtracted from a. Ans. a -^ b. 

Write the following : 

3. Six times the square of a, minus tAvice the square of J. 

4. Six times a multiplied by ^, diminished by 5 tunes c 
cube multiplied by d, 

6. Nine times a, multiplied by c plus d^ diminished by 

8 times b multiplied by d cube. 

6. Five times a minus ^, plus 6 times a cube into b 
cube. 

?. Eight times a cube into d fourth, into c fourth, plus 

9 times c cube into d fifth, minus 6 times a into >, into c 
square. 

8. Fourteen times a plus ^, multiplied by a minus >, 
plus 6 times a, into c plus <7. 

9. Six times a, into c plus d^ minus 5 times 5, into a plus 
c, minus 4 times a cube ^ square. 

10. Write o, multiplied by c plus ^, plus /minus ^. 

11. Write a divided by ^ -f c. Tliree ways. 

12. Write a — b divided by a + ^. 

13. Write a polynomial of tliree terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second; of the third; 4th; 5th; 6th. 

16. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, f, binomial, a tiinomial, a polynomial of four 
terms, of five terms, of six tcnns and of seven terms, and all 
of the same der/ree. 
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INTERPRETATION OF 


ALGEBRAIC LANGUAGE. 


Find tho nuinerial values of the : 


following 


czpressionsi 


v^hen, 








a = 1, ft = 2, 


C = 3, 


rf = 4. 




1. ah + he. 






^n«. 8. 


2. a + hc + d.' 






-4n5. 11. 


Z, ad + h — c. 






^7/^. 3 


4. aft + ftc — d. 






Ans. 4. 


6. (a + ft) c2 - d. 






^w«. 23. 


0. (a 4- ft) ((7 - ft.) 






-4n«. 6. 


1. (aft + ac?) c + d. 






Ans. 22. 


8. (oft H r) [ad - a). 






-4/w. 16. 


9. 3a2ft2 - 2(a + c? -h 1). 






Atis. 0. 


10. ?L±_? X (a + <?) 






-47i«c 10. 


,, a2+ ft^+ c2 a3+ ^3 + c3_ 
"• 7 ^ 2 


-d 

■ • 


^ns. 32. 


lo «^* - c - «' ^^ 4a2 - 


ft + c73 

DO 




Ans. 4. 
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Find the numerical values of the following expressions, 
when, 

a = 4, ft = 3, <; = 2, and d =z 1. 

13. - - - 4- c — cZ. A718. 2. 

2 o 

, . ^/ah a — fif 

14, 



i.5{i 



3 3 / 

15. [(a^ft + 1)<?] -r (a^ft -f <7). 

16. 4f aftc - Q^) X (30c3 — aft^eP). 

l«r ^ + ^ + ^ I ?^ . 4a^ + ftg - (fa 
^^- a ~ ft + <f ^ aft "^ ftc + ft * 

,^ 15(a4-f?+ft) a— c .3 «,,,,, ^ 

18. ^ o^ — ^ + -13 X aWc^d\ A?is. 3465. . 

5^ 2 aftc? ki 



^7W. 


15. 




^71,9, 


1. 




Ans. 11088. 




^n«. 


14 j. 


I 
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CHAFTER n. 

FUNDAMENTAL 0PEBA1I0N8. 
ADDITION. 

30. Addition is the operation of finding the axiplcst 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 



When the terms are similar and have like signs. 

-+• a 

31. 1. What is the sum of a, 2a, 3a, and 4a ? + 2a 

Take the sum of the coefficients, and annex the _(_ 3^ 

literal parts. The first term, a, has a coefficient, ^ .5^ 

1, understood (Art. 13). 



2. What is the sum of 2aft, 3a&, (Sdb^ and ah. 
When no sign is Avrittten, the sign + is under- 
stood (Art 6). 



Add the following : 

(3.) (4.) 

a 8a5 

a *Jah 



+ 10a 

2ah 

Zab 

Qah 

ah 



12ab 



+ 2a 



15ab 



(5.) 

*Iac 
5ac 

12ac 



(6.) 

+ 4aJc 
Sabc 



4- labc 



80. WLat is addition ? 

81. What 13 the rule for addition when live Ictras tcc<i €\\vSis«« ^\A \\»n^ 
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O') (8.) (9.) (10.) 

— Babe — Zad — 2a€lf — 9abd 

— 2abc — 2ad — 6ac(f — 15abd 

— 5a^ — 5ad — So^f — 24aMf 
Ilcncc, when the terms are siniilar and have like dgns : 

BULE. 

Add the coefficients^ and to their sum prejlx the common 
9ign / to thiSj annex the common literal part, 

EXAMPLES. 

(11.) (12.) (13.) 

9ab + ax Sac^ — 3^ ISab^c^ — 12aJc« 

Sab + Sax lac^ — Sb^ 12a^c* — 15abc^ 

12ab + 4ax Sac^ — 9b^ ab^c!^ — abc^ 

When the terms are similar and have unlike signs. 

33. The signs, + and — , stand in direct opposition to 
each other. 

If a merchant writes + before his gains and — before his 
losses, at the end of the year the sum of the plus numbers 
will denote the gains, and the sum of the minus numbers 
the losses. If the gains exceed the losses, the difference^ 
which is called the algebraic sum^ will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained $1500 in the first quarter 
of the year, $4000 in the second quarter, but lost $3000 in 
the third quarter, and $800 in the fourth : what was the ro- 
suit of the year's business? 

1st quarter, + 1500 3d quarter, — 3000 

2d " 3000 4th " — 800 

+ 4500 — 3800 

4- 4500 - 3800 = + 700, or $700 gam. 

S2, What is the ruJe when the terms arc similar and have uuUkc sigus ? 
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2. A merchant in trade gained llOOO in the first quarter, 
and $2000 the second quarter ; in the third quarter ho lost 
$1500, and in the fourth quarter $1800 : what was the result 
of the year's business? 

1st quarter, + 1000 3d quarter — 1500 

2d " + 2000 4th " — 1800 

+ 3000 — 3300 

+ 3000 — 3300 = — 300, or $300 loss. 

3. A merchant in the first half-year gained a dollars and 
lost b dollars ; in the second half-year he lost a dollars and 
gained b dollars : what is the result of the year's business ? 

1st half-year, + a — ft 

2d " - a + b 

Result, 

Hence, the algebraic sum of a positive and 7iegative quan- 
tity is their arithmetical difference^ with the sign of tJie 
greater prefixed. Add the following : 

8aJ 4ac5» - A^a^b^c^ 

Zab — 8acft» + Oa^ftV 

— Qab ach^ — 2a^ftV 

bab — 3acft2 o 

Hence, when the terms are similar and have unlike signs : 

L Write the similar terms in the same column : 
n. Add the coefficients of the additive terms^ and also 

the coefficients of the subtractive terms : 

HL Take the difference of these sums, prefix the sign 

of the greater J and then annex the literal part, 

EXAMPLES. 

1. What is the sum of 

2a2J3 - 5a^ft3 +Wb^ + Qd^b^ ^ Wa^b^l 



^ 
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Having written the similar terms in the same 
cohimn, we find the sum of the positive coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
lionce, the sum is — a^ft\ 



+ 6a2»» 



2. What is the sum of 

3a2* + 5a^b — da^b + ia^b — Ga'ft — a^b? Ans. 2a«A. 

3. What is the sum of 

12a3^»c2— 4a3ic2-f- ^a^bc^" ^a^bc^+ lla^Jc'? Ans. lla^bt^. 

4. What is the sum of 

ia^b - Ba^b - 9a^b + Ua^b? Ans. — 2a^b. 

5. What is the sum of 

labc^ — abc^ — labc^ + Babc^ + Oabc^? Ans. 13a6A 

6. What is the sum of 

9cJ3- 5cJ3— 8ac2+ 20cb^+ 9ac^ — 24cJ3? Ans. + ae . 

To add any Algebraic Quantities. 

33. 1. Wliat is the sum of 3a, 6 J, and — 2c? 
Write the quantities, thus, 

3a + 6ft — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it bo required to find the sum of the quantities, 
2a* ^ 4ab 
3a2 - dab + b^ 
2ab - 5b^ 
5a2 - 5ab - 45* 



88. Wlmt is the rule for the addition of any alge'braic quautitiesf 
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From tlio preceding examples, we have, for the addition 
of algebraic quantities, the following 

BULB. 

L Write the quantities to be addedj placing similar terms 
in the same calumny and giving to each its proper sign : 

n. Add up each column separately and then annex the 
dissimilar terms with their proper signs, 

BXAMPLBS. 

1. Add together the polynomials, 
8a2 — 2ft» — 4abj 5a^ -' b^ + 2aby and 3a* - Sc^ — 28«. 



The term Sa* being similar to 
5a\ we write Ba^ for the result 
of the reduction of these two -* 
terms, at the same time slightly 
crossing them, as in the first term. 



6^2 + 2flb - P 
Sa^+ ab - m - 3c» 



Passing then to the term — 4a&, which is similar to 
+ 2ab and + 3a5, the three reduce to + aft, which is 
placed after Sa^, and the terms crossed like the first term. 
Passing then to the terms involving b\ we find their sum 
to be — bb\ after which we write — Zc^. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(2.) (3.) (4.) 

7a5c + Oaaj Box 4 3ft 12a — 6o 

— 3aftc — 3aa; box — Oft — 3a — 9c 

4aftc + 6aa5 13aa5 — 6ft 9a — \bc 

Note. — ^If a = 5, ft = 4, c = 2, sc = 1, what are the 
numerical values of the several sums above found ? 
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(5.) (6.) 


(».) 


9a + / Qax — 8ac 


3a/+ g +m 


Oa + g — lax — 9ac 


ag — 3ei[/^ — m 


2a —f ax + l7ao 


aft — ag + Bg 


(8.) 


(9.) 


1x + Sab + 3c 8052 + 


9aca5 + 13a2J2c2 


- 3a; — Sab — 5c — 1x^ — 


13aca5 + 14a2ftV 


5x — 9ab - 9c - 4x^ + 


4aca5 — 20aW€^ 



(10.) (11.) 

22A - 3c — 7/ + 3^ IQoA* + 3a' J< — 9aa? 

— 3h+8o — 2f—9g + Sx - l7aA« - 9a?b* + 9cafi 

(12.) (13.) 

•^JB — 9y + 62 + 3 — ^ 8a + ft 

— a— -Sy — 8— ^ 2a— ft-fc 

— x+y — Sz+l+lg — Sa + b + 2d 
-^ 205 + 6y + 32 — 1 — ^ — 6ft — 3c + 3(2 

14. Add together —b+Sc — d" 116c -f 6/ — 5g, 3ft 
-- 2c - 3(7 - c + 27/, 6c — 8c7 + 3/ - 7(7, - 7ft - 6c 
+ 17c? + 9c -5/+ 11^, — 3ft-6(?-2c + 6/-9^ + A. 

ulTia. - 8ft - 109c + 37/ - 10^ + A. 

15. Add together the polynomials 7a2ft — 3aftc — 8ft2c 

— 9c3 + cd\ Sabc - Ba^b + S(^ - 4ft2c + cd% and 4a2ft 

— 8c3 + 9ft2c - 3(?3. 

Ans. 6a2ft + 5abc — Sb^c — 14c3 + 2cd^ — Sd\ 

16. ,Vliat is the sum of, 5a2ftc + 6fta5 — 4a/, — 3a2ftc 

— 665^ + Uafj - a/+ 9ftfl5 + 2a2ftc, + 6a/— Sfta; + Qa^bd 

Ans. lOa^ftc + fta; + I5af. 

17. What is the sum of ahi^ -h Sa^m -f ft, — Ga'^i? 
" Qa^m - ft, -f Oft - Oa'^m - 5a2;i2 ? i 

Ans. - lOa^/i^ - 12aV* + Oft. 
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18. Wliat is the sum of ^a^li^c — ICa^aj — Oaa^j^ 

Ans. aWc -f- ao^j^ 

19. Wliat is the sum oi — 1g + zh + Ag - 2b + Sg 

— 3ft + 2ft? Ans. 0. 

20. What is the sum of, aft + Socy — m — n^ — Qxy 

— 3m f lln + cdy + Zxy + 4m — lOn -^-fg? 

A?is. ah 4- cd + fg, 

21. What is the sum of Axy + n + Qax + 9am, — Cay 
4- 6;* — 6aa; — 8am, 2ajy — *j7i + aa; — am? -47^5. + ax, 

(22.) (23.) (24.) 

2(a + ft) 5(a2 — c2) 9(c3 - a/3) 

3(a + ft) - 4(a2 - c2) 7(c3 - a/3) 

2(a + ft) - l(a2 - c^) - 10(c3 -. a/3) 

7(a + ft) 6(c3 - a/3) 

Note. The quantity within the parenthesis must be 
regarded as a single quantity. 

25. Add 3a((72 - A^) - 2a{g^ - A^) + 4a((72 - h^) 
f- 8a(^2 — A2) - 2a(^2 _ ^2j, ^^^^^ Ua[g'^ - A^). 

26. Add Zc{aH - ft^) - 9c(a2c - ft^) - Ic^a^c - ft^) 
+ 16<;(a'c — ft2) + <;(a2c — ft^). Ans. 3c(a2c - U^). 

34. In algebra, the term add does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
sum^ the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — ft, we have, 
a — ft, which is, arithmetically speaking, a difference be- 
tween the number of units expressed by. a, and the niunber 

84. Do the words add and sum^ in Algebra, convey the same ideas as 
In Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 

— 2 ? May an algebraic sum be negative ? What is the sum of 5 and 

— 10? How are such sums distinguished from arithmetic a1 sumsf 

3 
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of oniu expressed b j b. Conseqaaitly, this result j« on. 
mcrieally less than a. To distinguish this snm frrjoei ao 
mrithmctical sum, it is called the algebraic sum. 



SUBTRACnoX. 

35. SuTTRAcnoN is the operation of finding the differ* 
encc between two algebraic quantities. 

3II. The quantity to be subtracted is called the Subtra- 
hend; and the quantity from which it is taken, is called the 
Minuend, 

The difference of two quantities, is suck a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

EXAMPLES. 

1. From I7a take 6a. 



In this example, 17a is the minuend, and 6a 
the subtrahend: the difference is 11a; because^ 
11 a, added to Qa^ gives 17a. 



OPEKAnCML 

17a 

6a 

11a 



Tlie difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from + 
to -. 



2. From Ibx take -- 9a;. 

The difference^ or remainder, is such a quantity, 
as being added to the subtrahend, — Oaj, will 
give the minuend, 16a;. That quantity is 24a;, 
and may be found by simply changing the sign 



OPSBAnOK 

15a! 
J- 9iB 

24a! 



OPXBATIOH. 

lOax 

+ a " b 
Rem. lOax ^ a + b 
add + a — b 

lOaaj 
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of the sabtrahend, and adding. Wlienco, wc may write, 
\hx - (- 0a;) = 24«. 

3. From lOoa take a — ft. 

The difference^ or remainder^ is such a quantity, as adde< 
to a — ft, will give the minuend, lOaa: what is that quan 
tity? 

If you change the signs of both 
terms of the subtrahend, and add, 
you have, lOoaj — a + ft. Is this 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a — ft, you obtain 
the minuend, \Oax. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them to the minuend, and 
to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the first result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we hava 
the following 

BULE. 

L Write the terms of the sicbtrahend under those of the 
minuendy placing similar terms in the same column: 

n. Conceive the signs of aU the terms of the subtra/iend 
to be changed from + to —, or from — to +, and then 
proceed as in Addition, ^ 

BXAHPLES OF MONOMIALS. 

" (1.) (2.) (8.) 

From Soft Oax ^ahc 

take 2aft Zax Tafto 

Rcnu ab 3ax "iobc 
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From 
taka 
Rem. 



From 
take 
Rem. 



(4.) (5.) (6.) 

le^^&'e lltt^bh 24a^Vx 

9a^yc Sa^l^e la^l^ 

la^&^e 14a»yc lYa'We 

(^) (8.) (9.) 

3ax labx 2am 

8c 9ac m 

Sax — 8c 4abx — 9ac 2am — c» 



10. 
11. 
12. 
13. 
14. 
16. 
IG. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
26. 
26. 
21. 
28. 



From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
Froip 



9a«i» take Za^S^. 
16a^ take — 15a^. 
12a*y3 take 8aV. 
19a«sc^ take — 18a*sc^. 
3a2J3 take Sa^H^. 
la^V' take ^a>h\ 
Zab^ take a^V. 
afy take y^. 
Say take ay. 
Qa^y^ take scya. 
9a2*2 take - Sa^^. 
14a2y2 take — 20a V« 

— 24a*y take 16a*b\ 

- 13a;V take - 1435^. 



Ans. 6aV>« 

Am. 810^. 

.<1m. 4a«y*. 

.^ln«. BliMjf, 

Ans. Sa^b^ — So**. 

Ans. 1a^¥ - 6a*P. 

u4n5. Zab^ - a^V. 

Ans. 7?y — %jh^ 

Ans. 3iBV — ay. 

^n5. Qah/^ — ays. 

-4n«. 12c('i'. 

Ans. d4aV« 

^n«. — 40a*i*. 

Ajis. ay. 



— A^ti^^y take — Sa^a^y, ^tw. — 42a3W^ 

— 94a2a;2 take Sa^aj^. ^^5. — 97aV. 
a + a^ take — ys. ^n«. « + <b2 .(. yi. 
a3 + ^3 take — a^ — 53. u4n5 2a^ + 2i». 

— IQa^Q^y take — lOa^aj^y. ^ws. + Za'^a^. 
a^ - a2 take a^ + x^. Ans. - 2a!«, ; 
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GBNSBAL EXAMPLES. 



(1.) fli (1.) 

Prom 6ac — 5ab + c^ | « J 6ac — Bab + c* 

take Sac -\- Sab + 1c g|S __ 3^0 — Sab — 1c 

■ 2 « ffi 



Kem. 3ac - Sab + c^ - Yc. t-||| Sac - Sab + c^ — 7c 

(2.) (3.) 

From 6ax — a i-Sb^ %yx — Sa;^ + bb 

take 9flKe -- a; + ^^ ysc — 3 + a 

Rem. — Sax — a + jc + 2J^ 5ya5 — 3a;2 + 3 -f 6^ — a. 

(4.) (6.) 

From 5a3 — 4^25+ sb'^c 4ab — cd+Sa^ 

take — 2a3 + 3a25- Sb^c Bab - 4cd + Sa"^ -{- 5b^ 

Rem. Ya3--7a25+11^2^. - ab + Scd-'5b\ 

6. From a + 8 take c — 6, -47i5. a — c + 13 

7. From Oa^ — 15 take Oa^ + 30. Ans. — 3a2 — 45 

8. From 6a^ — 8aV take — 7ajy — aV. 

-4n5. 13ajy — 7aV 

9. From a + c take — a — c. Ans. 2a + 2c 

10. From 4(a + 6) take 2(a + J). -4n5. 2(a + b) 

11. From 3(a + x) take (a + a). Ans. 2(a + a) 

12. From ^{a^ — a^) take - 2{a^ — x^). 

Ans. Il(a2 - x^) 

13. From Ca^ - 15J2 take — 3a2 + 96^ 

^n«. 9a2 — 245» 

14. From 3a« — 25'» take a"» — 25'«. Ans. 2a«. 

15. From Oc^m* — 4 take 4 — Ic^m?. Ans. KSc^m^ — 8. 

16. From 6am + y take 3am — x Am. Sam + x + y. 

17. From 3aa take 3aa — y. Ans. 4- y. 



54 ELEMENTARY ALQfiBBA. 



^1 



18. From — 7/ + 3m — 8x take — 6/ — 5in — 
Bd + 8. Ans. — / + 8m — Gas — 3^1— 8. 

19. From - a — 6ft + 7c + rf take 4ft - c + 2rf +ik 

Ans. — a — 9ft + 8c — rf-2i 

20. From — 3a + ft — 8c + 7e — 6/+ SA - »» - 13y 
take A + 2a — 9c + 8c — "^a + 7/ — y — 3^ — A. 

ulrw. — 6a + ft + c - c — 12/ + 3A - 12y + 81 

21. From 2a; — 4a — 2ft + 5 take 8 — 6ft + a + 6as. 

-4n«. — 405 — 6a + 8ft — S. 

22. From 3a + ft + c — rf— 10 take c + 2a — df. 

Ana. a + J — 10, 

23. From 3a + ft + c — rf— 10 take ft — 19 + 3a. 

Ans. c — c? + 9. 

24. From a^ + Zh^c + aft^ — abe take ft^ + aft^ - aJc 

Ans. a^ + 3ft2c — V. 

25 From 12a! + 6a — 4ft + 40 take 4ft — 3a + 4aj + 

M — 10. Ans. Saj + 9a — 8ft — 6(? + 60. 

26. From 2aj — 3a + 4ft + 6c — 60 take 9a + « + 66 
-^ Qc — 40. Ans. x — 12a — 2ft -f 12c — 10. 

27. From 6a — 4ft — 12c + 12a5 take 2a5 — 8a + 46 
— Qc. Ans. 14a — 8ft — 6c + lOic 

8§. In Algebra, the term difference does not always, as 
in Arithmetic, denote a nmnber less than the minuend. For, 
if from a we subtract — ft, the remainder will be a + ft ; 
and this is numerically greater than a. We distinguish 
between the two cases by calling this result the algebraic 
difference. 

88. In Algebra, as in Arithmetic, does the term difference denote a 
number less than the minuend ? How are the results in the two casoik 
distinguished from each other ? 



SUBTRACTION. 55 

3^. When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend. 
Thus, the expression, 

6a2 — {Bab - 2J2 + 2Jc), 

mdicates that the polynomial, Zab — 2t^ + 2&c, is to be 

taken from 6a\ Performing the operations indicated, by 

the rule for subtraction, we have the equivalent expression : 

6a2 - Sab + 2^2 _ 2bc. 

The last expression may be changed to the former, by 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — •. Thus, 

6a» — Zab + 25^ — 2ftc = 6a^ - {Sab - 25» + 2bc). 

In like manner any polynomial may be transformed, as in- 
dicated below : 

1a^ - Qa^b - ib^c + eb^ = 1a^ - {Ba^b + 4b^c - 6^3) 

= 1a^ — Qa'^b - (452c - 663). 

Qa^ - W + c - d z=i 8a3 — (7b^ - c + cQ 

= 8a3 - 7*2 - (- c + d). 

9b^ ^ a -{- 3a^ — d = db^ — {a — Za^ + d) 

= 953 - a - (- 3a2 + d). 

Note. — ^The sign of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out, 

40« From the preceding principles, we have, 

a — {-h b) = a — b; and 
a — {— b) = a + b, 

89. How is the subtraction of a pol juomial iudicatcd ? How is this 
indicated operation performed ? IIow may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ? 

40. What is the sign which immediately precedes a quantity called? 
What is the si^n which precedes the paTcnt\ie6\a cail^iti^. Tp[\i^t sr tbLft 
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Tlio sign immediately preceding h is called tlie sign qf the 
quantity/; the sign preceding the parenthesis is called the 
sign of operation ; and the sign resulting from the combiii- 
ation of the signs, is called the essential sign. 

When the sign of operation is different from the sign of 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the cssan- 
Xial sign ^vill bo +. 



MULTIPLICATION. 

41. 1. If a man earns a dollars in 1 day, how much will 
he earn in 6 days? 

Analysis. — ^In 6 days he will earn six times as much as in 
1 day. If he cams a dollars in 1 day, in C days he will earn 
6a dollars. 

2. If one hat costs d dollars, what will 9 hats cost? 

Ans, dd dollars. 

3. If 1 yard of cloth costs c dollars, what will 10 yards 
cost? Ans, 10c dollars. 

4. If 1 cravat costs b cents, what will 40 cost ? 

Ans. 4:0b cents. 
6. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, 
b taken a times, or ab ; which denotes the product of b 
by a, or of a by b. 

resulting sign called ? When the sign of operation is different from the 
Fign of the quantity, what is the essential sign ? When the sign of ope- 
rvlion is the same as the sign of the quantity, what is thr essential sign t 
41. What is Multiplication? What is the quantity to be multiplied 
called? What is that called by which it is multiflied? What is the 
result called? 
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Hui.TiPLicATiOK is the operation of finding the product 
of two quantities. 

The quantity to be multiplied is called the MuUiplicand; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product. The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. If a man's income is 3a dollars a week, how much will 
he receive in 46 weeks ? 

3a X 46 = 12a6. . 

If we suppose a = 4 dollars, and 6 = 3 weeks, the pro- 
duct will be 144 dollars. 

Note. — ^It is proved in Aiitlmaetic (Davies' School, Ai-t. 48. 
University, Art. 50), that the product is not altered by chang- 
ing the arrangement of the factors ; that is, 

12a6 = ax6xl2 = 6xaxl2 = axl2x6. 

MULTIPLICATION OP POSmVB MONOMIALS. 

42. Multiply Za^l)^ by 2a^h. We write, 

3a262 X 2a26 ^Zx^xa^Xa^xVxb 
= 3 X 2aaaa666; 

in which a is a factor 4 times, and b a factor 3 times ; 
hence (Art. 14), 

ZaW X 1a% = 3 X 2a*63 = 6a*63, 

in which we multiply the coefficients together^ and add the 
essponents of the like letters. 

The product of any two positive monomials may be found 
in like manner ; hence the 

BULE. 

L Multiply the coefficients together for a new coefficient : 
TL Write after this coefficient aU the letters in both monO' 

42. W^hat ia tlie rule foi multiplying ouc monomial by auotlicr? 

3* \ 
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mials^ giving to each leUer an exponent equal to the sumt^ 
its exponents in the ttoo factors. 



EXAKPLE8. 



1. 


Ba'ftc* X 


7aJtP = 66a3yc2tP. 


2. 21a^b^cd > 


: 8a*c3 = 168a*63c*d: 


3 


4a^c 


X 7e// = 2%ab€C{f. 




(4.) 


(5.) 


(6.) 


Multiply 


3a2d 


120^*8! 


6diyss 


by 


2a^b 


12jc2y 


ay^g 




6a*i» 


144a2jB3y 6aayV 


(^.) 




(8.) 


(9.) 


a^ 




3aZ;V 


^1aa?y 


2xy^ 




Oa^J^c 


3b^y^ 


2a^Y 




27a35«c* 


20lab^xY 


10. Multiply ba^b^ by 6c«jb«. 


Ans. ZQcfiV&Tf. 


11. Multiply 


10a*5V 


by *Jacd. 


Ans. IQa'^Vifi. 


12. Multiply BQa^d'c^d^ by 20a6V(i*. Am. nOa^V(fd\ 


13. Multiply 


6a* by 


3aft\ 


Ans. 16a^+*. 


14. Multiply 


Za'^b^ by Ga^J*. 


Ans. 18a--»-«6-+». 


15. Multiply 


Ca*"*" by 9a«&\ 


Ans. 54a"-»-»J«+". 


16. Multiply 


Sa^J" by 2a^5^. 


-4n«. 10a*»+'i*+*. 


17. Multiply 


6flr52c2 


by 2ai*c. 


-47W. 10flr+iJ«+V. 


18. Multiply 


6a25««c" 


by Za^b'c'. 


^7W. 18a«i-+2cii+«, 


19. Multiply 


20a*55cc? by 12a2a:2y. 


Ans. 240a'6«c&?y. 



20. Multiply 14a*5«f?V ^7 SOa^c^ar^y. ^. 2Q0a''b^c^dh?i/^ 

21. Multiply Sa^Z^V l»y 7a*Ja;y^ -47W. SGa'S^ay*. 

22. Multipl}*" I5azi/z by Sa^bcdx^. Ans. 3l5a^bcdix^yH. 
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6a 



23. Multiply Ua^m^xl^yz by 8a6V. A. 512a^b^c^m^x*yz. 
21. Multiply QaWe^d^ by 12a^b^c^. Am. lOSa^b^c^d\ 
26. Multiply 216a6Vrf8 by Sa^^V. ^n5. 648a^iVc«» 
26. Multiply lOa^lPd^d^fx by I2a'¥<^dx^y\ 



a — 


b 






c 








ac - 


'be 




8 - 


3 


= 


6 


7 


• 


• 


1 


66 - 


21 


— 


35 



MULTIPLICATION OP POLYNOMIALS. 

43. 1. Multiply a — 6 by c. 

It is requiied to take the difference 
between a and 6, c times ; or, to 
take c^ a — b times. 

As we can not subtract b from c, 
we begin by taldng a, c times, which 
is ac ; but this product is too large 
by b taken c times, which is be ; 
hence, the true product is ac -— be, 

K a, 6, and c, denote numbers, as a = 8, J = 3, and 
c = 7, the operation may be written in figures. 

Multiply a — ft by c — J. 

It is required to take a — ft as 
many tunes as there are units in 
c — d. 

If we take a — ft, c times, we 
have ac — bc\ but this product is 
too large by a — ft taken d times. 
But a — ft taken d times, is ad—db. 
Subtracting this product fi'om the 
preceding, by changing the signs of 
Its terras (Art. 37), and we have. 



a — 


.ft 






c — 


• d 






ac— 


• be 






- 


ad+ bd 




ac- 


•bC" 


ad +bd 


8 - 


- 3 


= 


5 


7 - 


- 2 


n:: 


5 



66 - 21 
-16 + 6 

56-37 + 6 = 25. 



(a — ft) X {a — c) = ab — be — ad -h bd. 
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Hence, wc Lave the following 

BULS FOR THE SIGNS. 

I. Whe7i the factors have like signs^ the sign of thdt 
product will be + : 

IL Wlien the factors have unlike signs^ the sign ofthtvt 
product will be — : 

Tlierefore, wc say in Algebraic language, that + multi 
plied by +, or — multiplied by —, gives +; — miilfr 
plied by + , or + multiplied by — , gives — • 

Hence, for the multiplication of polynomials, we have the 
following 

RULE. 

Midtiply every term of tlie multiplicand by each term of 
the multiplier^ observing that like signs give +, and unlike 
signs — / the7i reduce the result to its simplest form. 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 

1. Multiply .... 3a2 + 4a5 + b^ 

by 2a + 55 

6a3+ 8a25+ 2ab^ 
The product, after reducing, + ISa^S-J- 20a^ -f 55^ 

becomes .... Qa^ -\- 23a^bi' 2^ab^ + 5b\ 

4L4L. Note. — It will be found convenient to arrange the 
tenns of the polynomials "with reference to some letter ; thai 
is, to wi'ite them down, so that the highest power of that 
letter shall enter the first term; the next highest, the 
second term, and so on to the last term. 

44. now are the terms of a polynomial arranged with reference to ft 
particular letter ? What is this letter called ? I.'* the leading letter in tho 
multiplicand and multiplier is the same, which W'ill be the leading Icttef 
in the product? 
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The letter with reference to which the arrangement is 
made, is called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the factors. 

2. Multiply x^ + 2ax + a^ by x + a. 

Ana. 7? + Zax^ + Zaht + a\ 

3. Multiply 7? + y^ by x + y. 

Ana, JB* + xy^ + 7?y + y*. 

4. Multiply 3aft2 + ^a^c^ by ^aU^ + 3aV. 

Ans. 9a25* + ^la^b'^c^ + 18aV. 

5. Multiply a262 + c^c? by a + h. 

A918. aW + acH + a^^ + Jc^A 

6. Multiply 3aa^ + OaJ^ + cd^ by Ca^c^. 

^/i5. 18aVa;2 + 54a VS^ ^ 6aVc7\ 

7. Multiply 64a3a;3 + 27a2a; + ^ah by Sa^cc?. 

-4n5. 512a^cc7ic3 4- 216a5ctfe -f 72a*5cd 

8. Multiply a^ + Sa^a + Zoo? + a^ by a + a. 

Ans. a* + 4a3a. + ea^sc^ + 4ax3 + jc*. 

9. Multiply a;2 + y2 by a; -J- y. 

Ans. aP + a;?/^ ^ 3.2^ ^ ys^ 

10. Multiply u^ + xy^ + ^ax by ox + 5ax. 

Alls. Qax^ + Qaxhf + 42a2a;2 

11. Multiply a? + ^a^h + Za¥ -\- ¥ by a + 5. 

12. Multiply x^ + aj2y _j. xy2 ^ ys ijy a; + y. 

-4?i5. a^ -f 2a;3y + 2aj2y2 4. 2a^3 + y*. 

13. Multiply ^3 4- 2a;2 + a; + 3 by 3a; + 1. 

A7}s. 3;c^ + W + 5x2 ^ loa; -V 3, 
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OEKBBAL SZA1IPLE8. 

I. Multiply 2ctx — Zab 

by 8a; — b, 

Tlie product 6aa;*— Oo&b 

becomes after — 2abx + 8ai* 

reducing Boa^— llabx + Sad\ 

2. Multiply a* — 2b^ by a — 6. 

^wff. a* — 2a^3 _ ^j + 2J*. 
8. Multiply a2 — 3aj — 7 by sb — 2. 

-4n«. »3 — So* — a + 14. 
4. Multiply 3a2 - 5a6 + 2^^^ by a^ - Yaft. 

^n^. 3a* — 26a^b + SYa^d* — 140^. 

6. Multiply b^ + b* + b^ by b^ -- I. Am. ft® - »». 

C. Multiply a*— 2ar^-t-4ic2y2_8ay3+ 16y* by a; + 2y. 

Ans. SB* + 82y*. 

7. Multiply 4a;2 — 2y by 2y. ^/w. 8a^ — 4y*. 

8. Multiply 2x -f 4y by 2x — 4y. ^tw. 4aj* — lOy*. 

9. Multiply JB^ + a^y + ay 2 + y3 by a; — y. 

-4n«, (B* — jf*, 
10. Multiply x^ -{- xt/ -}- y2 by jb^ — a;y + y^, 

-4?w. a:* + a2y2 _(. y4^ 

II. Multiply 2a^ — 3aa; -J- 4a;2 by 5a^ — 6aa; -- 2sfi. 

Am, 10a* — 27a3a; + 34a2a;2 — 18a«3 _ g^gi^ 

12. Multiply 3a;2 — 2ajy -f 6 by a;^ + 2ay — 3. 

Am, Sx^ 4- 4a3y ~ ^a;^ — 4a;2y2 + l6a;y — 16. 

13. Multiply Sx^ + 2a;y + St/^ by 2a^ — 3a; V + Sy^. 

Am \ ^"^ " ^^^' " ^^^ "*■ ^^y^ + 
( 15^3^3 _ 9a.2y4 ^ loar^ys ^ jsys^ 

14. Multiply 8«a; — Gab — c by 2aa; + ab -}- c, 
A91S. IQrc^x^ — 4a^Z>aj — Oa^^^ + OacxB — ^dbc, — c^. 
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16. Multply 8a2 - 5^2 4. 3^2 by a^ - ft«. 

-4w«. 3a* — 8a262 + 3^2^2 ^. 5J4 _ 3^2^, 

16. 3a2 - hhd + c/ 

— hd? + 4M - 8c/ 

Pro. red. — 15a* + 37a2ftrf-29aV-20ft2(i2+44Jcc^-8c2/» 

17. Multiply a'^B — a^^*^ by dhi''. 

Ans, a'^+^jj.n + i _ a^h'hff^, 

18. Multiply a"* + *« by OT" — 5". ^n«. a^* — ^2«, 

19. Multiply a*" + 6* by a*» + 6*. 



DIVISION. 

45. Division is the operation of finding from two quan- 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend^ the second the Divisor^ 
and the third, the Quotient, 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial hy another. 

4G. Divide V2a* by Sa^. The division is indicated, 
thus: 

I2a^ 

8a3 * 

The quotient must be such a monomial, as, being multiplied 
by the divisoVy will give the dividend. Hence, the coefficient 

46. What is division ? What is the first quantity called? The second ? 
The third ? What is given in division ? What is required ? 
40. What is the rule for the division of monomials? 
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of the quotient must Lo 9, and the literal part a^ j fQ, thc^'^ 
quantities multiplied by Sa^ a\t11 give 72a*. Hence, 
72a» ^ ^ 

The coefficient 9 is obtained by dividing 72 by d; and 
the literal part is found by giving to o, an exponent equsd 
to 5 minus 3. 

Hence, for dividing one monomial by another, we haye 
the following 

RULE. 

I. Divide tfie coefficient of the dividend by the coeffideiA 
of the divisor^ for a neto coefficient: 

n. After this coefficient write aU the letters of the dividend^ 
giving to each an exponent equal to th^ excess of its expo- 
ponent in tJie dividend over that in the divisor, 

SIGNS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two fiustors 
having the same sign will be + ; and the product of two 
factors having different signs will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient will be +. 

2. When the signs of the dividend and divisor are unlike, 
the sign of the quotient will be — . Again, for brevity, we 
say, 

-I- divided by +, and — divided by — , give -H ; 
— divided by +, and + divided by — , give — . 
■\- ah , , —ah 

— ah , \- oh - 

—^ — = — ^; = — ft. 

4Y. Wliat is the rule for llie signs, m diviaion ? 
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EXAMPLES. 



(1.) 



+ 180^ 
+ Who 



+ Zahc 



(3.) 

= - 8a3. 



(2.) 
=-5^ = + ««'^- 






(4.) 
= — 4aaj*. 



6. Divide 15aa^ by — 3ay. 


Ans. — Sar'y'. 


6. Divide 84aS3a; by 1252. 


-4n«. YaJo. 


7. Divide — 36a*6V by "daWc. 


Ans. — 4aJ3c. 


8. Divide - 99a*5*a* by \\a?h^. 


^n5. — ^aVx. 


9. Divide 108iB«y«23 by 64a«s. 


Ans, 2{cyV. 


10. Divide 64a;V2« by — l^o^y^z^. 


-4/w. — 4{cy2. 


11. Divide — 96a''5V by 12a25c. 


^n«. — 8a»Z>V. 


12. Divide - 38a*5«rf* by 2a35*J. 


^/w. - 19a5cZ3. 


13. Divide — 64a«ftV by ^2a^hc. 


-4/w. — 2a5V. 


14. Divide 128aVy' by 16aa^. 


^n5. ^a'^v^y^. 


15. Divide — 256a*5Vc?'' by 16a3^«, 


Am. -T- 16a2>Vc?\ 


16. Divide 200a®w2n2 by — h^d?mn. 


^7W. — A^amiu 


17. Divide 300cB3y4g2 ^y cOicy^^. 


Ans. bx^yH. 


18. Divide 2*la^lP-c^ by — 9a5c. 


Ans. — Za^hc. 


'9. Divide 64aV2® by 32ayV. 


Ans. 2a^yz. 


20. Divide - 88a55V by lla^J^c*. 


Ans. — ^aWc\ 


21. Divide VYaV^* by — lla^yV- 


Ans. -7. 


22. Divide 84a*62c2df by - 42a*ftVc?. 


-4w«. — 2. 


23. Divide — 88a«&'c« by 8a55«c«. 


-4n5. — llaJ. 


24. Divide ICa^ by — 8a;. 


^7W. — 2x. 


25. Divide - ^^a'^lp- by lla*»6. 


Ans. - 8a--«'& 
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26. Divide 77flr6* by — llaW. Ana. — 7flr"'J*-*. 

27. DividQ 84a^^ by 42a"ft». -4n^. 2a8-»S*-«. 

28. Divide — 88a''5« by 8a*fi". Ans. — lla?""**-". 

29. Divide 96aft'' by 48a»Jf. -4n«. 2a^-»J'-«. 

30. Divide IGBx^y* by 12a;"y*. Ans. 14aj«'-*y*-». 

31. Divide 260a^>V by IGa^ft^C. Am. IGa^-"^ -"<?»-? 

MONOMIAL FSACnONS. 

48. It follows from the preceding rules, that the exact 
^division of monomials will be impossible: 

1st. When the coefficient of the dividend is not exacUy 
divisible by that of the divisor. 

2d. Wlien the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

Li either case, the quotient will be expressed by a fraction. 
A fraction is said to bo in its simplest form^ when the 
numerator and denominator do not contain a common &Gtor. 
For example, 12a*i^cc?, divided by Sa^bc\ gives 

12aW, 
Sa'bc^ ' 

wliich may be reduced by dividing the numerator and do- 
nominator by the common factors, 4, a^, 5, and c, ^ving 

I2a*b^cd Sa^bd 



Also, 



Qd^bc^ 2c 

25a^bhP _ _5a 
15a'b^d* "" Sb*d 



48. Under what circumstances will the division of monomials bo inh 
possible ? How will the quantities then be expressed ? How is a monO' 
inial fraction reduced to its simplest form ? 
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Hence, for .he reduction of a monomial fraction to its sim- 
plest form, we have the following 



BULB. 



Suppress every factor^ wJietJier numerical or literal^ thcU 
is common to both terms of the fraction; the resuU wiU he 
the reduced fraction sought. 



EXAMPLES. 
(1.) 

4Qa^b^cd^ iad^ 



36a^b^c^de 



on/1 

dbce ' Ga^bc^d^ 



(2.) 
Slab^c^d SWc 



Qa^d' 



(3.) (4.) 

, la^b __ 1 , 4a^^ _ 2a 



6. Divide ida^b^c^ by Ua^bc\ 

6. Divide 6amn by Sabc. 

1. Divide ISaWmn^ by Ua^b^cd. 

8. Divide 28a*5V<^8 by IQab^cd^m. 

9. Divide 12a^c^b^ by 12a^c*b^d. 

10. Divide 100a^b^xm9i by 25aWd. 

11. Divide 9Ga^b^chIf by I5a^cxi/. 



Ans, 
Ans, 
Ans. 
Ans, 
Ans, 
Ans, 



2a 
2mn 

Bmn^ 



2aWcd 



Ab^m 
6 



a^c^bd 
^a^bxmn 



. S2a^b^c^df 



2bxy 



12. Divide ^brn'^ri^fx^y^ by 15am*nf. A7is, -~^--f 



13. Divide I27d^a;y by IGd^x^- 



Ans, 



121 
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49. In dividing monomials, it often happens that tlio 
exponents of the same letter, in the dividend and divisor, 
are equal ; in wliich ease that letter may not appear in the 
quotient. It might, however, be retained by giving to it tl « 
exponent 0. 
If we have expressions of the form 

a a^ a^ a* a* , 
a' a2' a3' ^' ^' ^'' 
and apply the rule for the exponents, we shall have, 

a a* a^ 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = ao = 1, ^ = a2-2 = ao = 1, &c. ; 

or, finally, if we designate the exponent by m, we have, 

— = «»«-»• = ao = 1 ; that is, 

TAe power of any quantity is equal to 1 : therefore, 
Any quantity may he retained in a temiy or irUrodueed 
itUo a term^ by giving it the exponent 0, 

EXAMPLES. 

1. Divide Ca^^V by 20^1^ 

2a^b^ 

2. Divide Sa^b^(^ by — 4a^y^. Ans. — 2a«Z)V = — 2c«. 

3. Divide — ?^2m^n^y'^ by ^m^n^. 

Ans, — ^m^n^xy = — 8ajy, 

49. When the exponents of the same letter in the dividend and diviaor 
arc equal, what takes place ? May the letter still be retained ? Wijb 
what exponent ? What is the zero power of any quantity equal to ? 
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4. Divide — OCa^ft'^c" by — 24a*^*. A7is. ia^b^C" = 4c\ 

5. Introduce? a, as a factor, into Gb^c*. Ans. (SciPb^c*. 

6. Introduce aby as factors, into Oc'^c?*. Aiis. Oa^bVd'*. 

7. Introduce abc^ as fiictors, into Qd]f^. A. Sa^b^c^l*/'^, 

50. When the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be wiitten with a negative sign. Thus, 

a* 1 a^ 

-- = —; also, — = a^"« = a-^ by the rule; 

hence, a~^ = -3- 

Since, a-^ = -5, we have, b x a-^ = -5; 

that is, a in the numerator, vnih a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
ponent; hence, 

Ajiy quantity hxtving a negative exponent^ is equal to t/ie 
reciprocal of the same quantity with an equal positive ex- 
ponent 

Hence, also. 

Any factor may be transferred from the denomiiiator to 
the numerator of a fraction^ or the reverse^ by cha?iging the 
9ign of its exponent. 

EXAMPLES. 

1. Divide Z2a^bc by \Qa^b\ 

. S2a^bc « ,7 , 2c 

I6a^b^ a^b 

50. When the exponent of any letter in the divisor is greater than in 
the dividend, how may tlie exponent of that letter be written in the quo- 
tient?* What is a quantity with a negative exponent equal to? IIow 
may a factor be transferred from the numerator tn tbo denominator of a 
fnu^tiont 
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2. ^^ = ea-^-^c. Ans. ^. 

3. Ueducc ^, J^ , • -4715. -77-, or --; 

61a5*y3 3 > 335! 

4. la 6ay~3g.-2^ g^^ nd of the negative exponents. 

. 5a 

^« I" _3,_g , get rid of the negative exponents. 

Ans. —r:^:' 

805* 

^« III -3 -.5 -2 J S^* ™^ ^^ *"® negative exponents. 

7. Reduce ,. „,_. — Ans, -r , or -rr-r- • 

8. Reduce IQa^b^ -r- Ba^b^. Ans. 9a"'5"S or -r. 
^« In _g,_^ , get nd of the negative exponents. 

-4n5. -r-« 

./. T> jj -15a-»ft-V - 

10. Reduce z . , - Ans. Zab^fi. 

— 6a-*ft-' 

To divide a polynomial by a monomial. 

51. To divide a polynomial by a monomial : 

Divide each term of the dividend^ separately^ by the 

divisor ; tJie algebraic sum of the quotients will be the gtuh 

tient sought. 

EXAMPLES. 

1. Divide Sa^ft^ ^ a hy a. Arts. Sab'^ — h 

fil. IIow do yoii divide a polynomial by a monomial? 
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2. Divide 5a3ft2 - 25a*J2 by ba^V. Ana. I ^ Beu 

3. Divide S5aW — 25ab by — Soft. ^W5. — lab + 5. 

4. Divide lOab — 15ac by 5a. ^n5. 2 J — 3e. 

5. Divide 6a5 — 8aa5 -f 4a2y by 2a. 

-4/1*. 3ft — 4a; + 2ay, 

6. Divide — I5aa^ + Cic^ by — Sx. Arts. 5ax — 2a*, 
1. Divide — 21ajy2 + 35a2% _ ^c^y ^7 - '^y. 

-4n5. 3ay — 5a^b^ + e\ 
8. Divide 40a^b^ + Sa^b"^ - 32a^ftV by 8a*ft*. 

^/w. 5a* + J3 - 4^4. 

DIVISION OP POLYNOMIALS. 

53. 1. Divide - 2a + Ca^ - 8 by 2 + 2a. 

Dividend. Divisor. 
Qa^ — 2a — 8 | 2a + 2 
6a^ + 6a 3a — 4 Quotient 

— 8a — 8 

— 8a — 8 



jRemainder. 

We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the divisor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the result will be the first tenn of the quotient, 
"which, for convenience, we place under the divisor. The 
product of the divisor by this term {6a^ + 6a), being sub- 
tracted from the dividend, leaves a new dividend, which may 
l>o treated in the same way as the original one, and so on to 
^he end of the operation. 

62. What is the rule for dividing one polynomial by another ? Whon 
s the division exact ? When is it not exact ? 
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Since all similar cases may be treated in the same way, m 
Lave, for the division of polynomials, the following 

KULB. 

L Arrange the dividend and divisor with reference to tk 
same letter: 

n. Divide the first term of the dividend by the first term 
of the divisor^ for the first term of the quotient. MuUipiy 
the divisor hy this term of the quotient^ and subtract the 
2>rodiict from the dividend: 

in. Divide the first term of t/ie remainder by the first 
term of the divisor^ for the second term of the quotierU, 
Multiply the divisor by this term^ and subtract the product 
from the first remainder^ and so on : 

IV. Continue the operation^ until a remainder is found 
equal to 0, or one whose first term is ?iot divisible by that 
of the divisor. 

Note. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is imposdble. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the fonn 
of a fi-action. 

SECOND EXAMPLE. 

Let it be requu-ed to divide 
61a2ft2+ loa* - 4Sa^b - I5b*-h ^a¥ by Aab - 5^* + ZV. 

Wc first arrange the dividend and divisor with roforeiH 
to a. 



I 
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Dividend. Divisor. 



4 10a*— Sa^ft— Qa^b^ 



— iOa^b + 82a^y+24ay 

25a2ft2_20afi3-i55* 
25a2y_20a53-155* 



- 2a^+ Qab - 56' 
Quotient, 



2y 



(3.) 

05* + a!3y + aj2y + a!y2 — 2y i a; + ?/ 

+ ^y + a52/» 

- 2y 

Here the divmon is not exact, and the quotient is frao> 
tionaL 

(4.) 
1 + al 1 - a 



1 — a | 1 + 2a + 2a2 + 2a3 + , 4&c. 

+ 2a 

+ 2a — 2a^ 

+ 2a» 

+ 2a» - 2a3 
+ 2a3 

In this example the operation does not terminate. It may 
be continued to any extent. 

EXAMPLES. 

1. Divide a* -h 2aa5 + a;^ by a ■\- x, Ans, a -{- x. 

2. Divide d? - Sa^y + Say^ - y3 by a - y, 

Ans. a* — "la-vj -V M^« 
4 
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8. Divide 24^25 — I2a^cl)^ — Qah by — (Sab. 

A71S. — 4a + 2a^cb + 1. 

4. Divide 6aj* — 96 by Sa — 6. 

A718. 2iB3 + 4x2 + to + 16. 

5. Divide a» — 6a*a; + lOa^a^ — lOa^a^ + Sao* — a^ 
by a^ — 2005 + x\ Ans, a^ — Za^ + Soai^ — »>. 

G. Divide 48iB3 — iQax^ — 64a2a! + lOSa^ by 2aj — 3a. 

-4n5. 24a;2 — 2ax — 36a'. 

7, Divide y« - Sy^x^ + 3y V _ jge ^y ys _ 3y2pg + 
3ya:2 — o^. Am. y^ + Sy^ + dyx^ + sp*. 

8. Divide 64a*5« - 250^^8 by Sa^b^ + 5ab\ 

Ans. Ba^b^ — 6aJ*, 
O.Divide BaH 23a25 + 22aft2+5i3 by 3a^+4ab+l^. 

Ans. 2a + 5i« 

10. Divide Qax^ + Qax^y^ + 42a^^ by oa; + 5ax. 

Ans. CB* + xy^ + *laA 

11. Divide - 15a* + Zla^bd - 29aV-- 2052<P + Ubcilif 
— Scy^ by 3a2 - bbd + (j/l -4n5. - ba^ + 46df - 8<2/: 

12. Divide ic* + aV + y* by a^ — uy + y». 

-4n5. a;2 + ajy + y". 

13. Divide as* — y* by a — y. 

^/w. 853 + a;2y + ajy* + y». 

14. Divide 3a*- BaW+ ZaH^+ 66*- Zh^c^ by a»-y, 

^W5. 3a2 - m + 3c». 
16. Divide 6aj« - 6a55y2 - 6aj*y*+ Q^y^+ ISo^y^-^ %ai?y^ 
+ IOojV + 16y« by 3a53 + 205^ + Zy\ 

Ans. 2a53 — Zxh/^ + by^. 

16. Divide — <^+ IBa^x^— labc - 4a2&B — 6a2J2+ oaesi 
Dy Saaj — 6a6 — c. -4n5, 2aa5 + a J + c 

17. Divide 3a5* + ^x^y — ^x^ - 405^ + 16xy - 16 by 
2a?j/ 4-052—3. Ans. Zx^ — 2a5y + 6. 
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SULE. 

L M9id the least common multiple of the denominators: 
II. Multiply each fraction hy it^ and cancel the denom* 

^nator : 
in. Write each product over the common multiple^ and 

the results toiU be the required fractions. 

GBNBBAL BULB. 

Multiply each numerator hy aU th^ denominators excqpt 
its oumj for the new numsratorSj and all t?ie denominators 
together for a common denominator. 

BXAMPLBS. 

a c 

1. Reduce -r ^ and — ^—^ to their least common 

a^ — or a + 

ienominator. 

The least common multiple of the denominators is (a + J) 
[a-b): 

^TZ-p X {a + b)(a-b) = a 

, X (a + 5) (a — J) = c{a — b; hence, 

F — rTTT iT ^d ; — , j:\7 j.\ y ^^^ ^^® required 

[a + o) (a — b) (a + b) {a — by ^ 

Tactions. 
Reduce the foUowuig to then* least common denominators : 
3a; 4 , 12a;2 ^ 45a5 40 48a52 



2. -r 1 « 5 and -— r- • Ans, -—- , — - , -— — 
4 ' 6' 15 60 ' 60' 60 

3. a, — , and — • Ans. _, _, -^ 

, Saj 2ft , , - Ocaj 4aft 6acf? 

4. — - , —- , and d. Ans. - — , - — , -- — 
2a' 3c' Gac Qac (i«c 
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^- 4' T' "* + "S" ^'*^- 125' 125' 12^~" 

,, and 



"• 1 _aj' (1 -xY' (1 -xY 

aj(l - xY 35^(1 - «) , »* 

. c c — h , c 

7. — , , and — r—z • 

ba c a + 

ac^ + bc^ 5a^c — 5a^b + babe — bdtf^ 5a^ 



5a*c + babe' ba^c + babe ' ba^c + babe 

ex dx^ , aj3 

8. , — ; — , and — -, — • 

a ^ X a + X a + X 

J. ex(a + x) dx^(a — aj) , x^(a — x) 

Arts, —f f , — ^ —' , and —\ -^ 

a^ — a;2 ' ^2 _ 3.2 » ^a _ gja 



ADDITION OF FRACTIONS. 

91. Fractions can only be added when they have a com- 
nioii unit, that is, when they have a common denominator. 
In that case, the sum of the numerators will indicate how 
many times that unit is taken in the entire collection. 
Hence, the 

BULE. 

L lieduce the fractions to be added^ to a common denom-. 
inator : 

n. Add the numerators together for a neto numeratatf 
and write the sum over tJie common denominator. 



EXAMPLES. 

2 
2' 3' 5' 



1. Add^-, -, and -, together, 



9). What U iho rule for adding fractious? 
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^S. Divide JB* + 82y* hjx + 2y. 

Ans. aj* — 2a5Sy + 4ar^y2 _ q^3 ^ igyi^ 

lO. Divide 3a* - 26a^b - Uab^ + 3Wb^ by 2i2 _ SoA 
+ ^a'. ^W5. a2 - 7aJ. 

20. Divide a* - ft* by a^ + a^b + ab^ + b^. 

Ans. a —• b. 

21. Divide jb' — Sx^y + f/^ by x + y. 

Ans. «' — 4ixy + iy'^ ^ — 



22. Divide 1 + 2a by 1 ^ a - c?. 

Ans. 1 + 3a + 4a» + »a3 + , 4c 
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CHAPTER m. 

UBEFUl FORMULAS. PACTORmG, GREATEST COMMON DIVIBOS. 
LEAST COMMON MULTZPLE. 

USEFUL FOBMULAS. 

53. A Formula is an algebraic expresdon of a gencm 
rule, or principle. 

Foimulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical nile& 

The verification of the following formulas afibrds addi- 
tional exercises in Multiplication and Division. 

(1.) 

54. To foi-m the square of a + J, we have, 

(a + by = {a + b){a + b) = a^+2ab + V. 
That is. 

The square of the sum of any two quantities is equal to 
the square of the firsts plus twice the product of th^ first hy 
the second^ plus the square of the second. 

1. Find the square of 2a + 3J. We have from the rule, 
(2a + Zby = 4a2 + \2ab + 95^. 

63. What is a formula ? What are the uses of formulas ? 

64. What is the square of the sum of two quantities equal to ? 
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2. Find the square of 5ab + Sac. 

Ana. 25a2^2 ^ soa^ic + OaV. 
8. Find the square of 5a^ + Sa^b. 

Ana. 25a* + 80a*^ 4 C4a*&2. 
4. Find the square of dax + ^dhc\ 

Ana. 36a2a;2 + lOSa^a^ + 81a*«*. 

(a.) 

55. To form the square of a difference, a — J, we have, 

(a - *)2 = (a - i) (a - i) = a^ - 2a$ + ^2. 
That is, 

jTA^ aquare of the difference of any two qiuintUiea is 
equal to the aquare of the firat^ minua twice the product of 
ihefirat by the aecond^ plua the aquare of the aecond. 

1. Find the square of 2a — b. We have, 

(2a - by = 4a2 - 4ab + b\ 

2. Find the square of 4ac — be 

Ana. 16aV — Qabc^ + ^2^2, 

8. Find the square of la^b^ — I2ab\ 

Ana. Ada^b* - IQSa'^b^ + Uia^b^ 

(3.) 

56. Multiply a + ^ by a — ^. We have, 

(a + b) X {a — b) = a^ — b\ Hence, 

The aum of two quantitiea^ multiplied by their difference^ 
is equal to the difference of their aquarea. 

1. Multiply 2c + b by 2c — b. Ana. 4c* — J*. 

2. Multiply 9ac + 3Jc by 9ac — Sbc. 

Ana. 81 a V — 9b^c\ 

66. What is the square of the difference of two quantities equal to ? 
66. What is the sun of two quantities multiplied by their difference 
equal to? 
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8. Multiply 8a3 + ^IcOP' by Sa^ - nab\ 

Am. 64a« — 49a* 

n. Multiply a^ + oft + ^2 by a - ft. Wc have, 
{a2 + a* + 6^) (a - J) = a3 - h\ 

(5.) 
5§. Multiply a^ — oft + y by ^ + 5, ^e have, 
(a2 - aft + J2) (a + J) = a3 + V. 

(60 

50. Multiply together, a + J, a — J, and a* + J^. 
We have, 

(a + 5) (a - I) (a» + J^) = a* - J*. 

60. Since every product is divisible by any of its &ctorB} 
each formula establishes the piinciple set opposite its number. 

1. The sum of the squares of any tioo quantities^ j^ 
twice their product^ is divisible by their sum. 

9. The sum of tJie squares of any two quantities^ minus 
twice their product^ is divisible by the difference of Ihi 
quantities. 

3. Ths difference of the squares of any two quantities 
is divisible by th^ sum of the quantities^ and also by their 
difference, 

4. The difference of the cubes of any two quantities is 
divisible by the difference of the quantities; also, by the 
sum of their squares, plus their product. 

5. The sum of the cubes of any tioo quantities is divisi- 



60. By what is any product divisible ? By applying this principle, whnt 
follows from Formula (1) ? What from (2)? What from (3)? Wliatfroa 
(4)r WImt from (6)? What from (6^t 
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Jfe by the sum of tTie quantities / alao^ by the sum of their 
squares minus their product, 

6. T/ie difference between t/ie fourth powers of any two 
quantities is divisible by the sum of the quantities^ by their 
diffei^ence, by the sum of their squares^ and by the dif- 
fidence of their squares. 



FAOTOEING. 

61. Factoring is the operation of resolving a quantity 
into factors. The principles employed are the converse of 
those of Multiplication. The operations of factoring are 
performed by inspection. 

1. What are the factors of the polynomial 

ac + ab + ad. 

We see, by inspection, that a is a common factor of all 
the terms ; hence, it may be placed without a parenthesis, 
and the other parts within ; thus : 

ac + ab + ad = a{c + b + d). 

2. Find the factors of the polynomial a^i^ + a^d — a]f. 

Ans. a2(52 + d ■- f). 
8. Find tne factors of the polynomial ^a^b — Ga^^^ ^ yi^i^ 

Ans. h{^a^ — ^a^b + bd). 
4. Find the fectors of Za^b — ^a^c — 18aVy. 

Ans. Zo^iJ) — 3c — 6ccy). 
6, Find the factors of ^a^cx - ISaoa;^ + 2acV — SOa^c^ 
Ans. 2ac{4ax — dx^ + c*y ^ 15aV). 
6. Factor SOa^b^c - Ga^^d^ + 18aWc\ 

A71S. Ga^b^{5ac — c?^ + Sc^). 
1. Factor 12c*6fP — Uchl* — Qc^dy. 

A91S. Zc^d^(4c^b — 5cd - 2/). 

61. What 18 factonng f 
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8. Factor ISa^J^ — lOoJc* — 25abcd. 

Ans. 5abc{SaY — 2c3 - drf). 

62. Wlicn two tcims of a trinomial are squares, and 
pofciitivc, and the third term is equal to twice the product of 
their square roots, the tiinomial may be resolved into £icton 
l)y Formula (l). 

1. Factor a* + 2ab + V Ans. {a + b) {a + h). 

2. Factor 4a2 + \2ah + ^b\ 

Am. (2a + 35) (2a + 3J). 

8. Factor ^a^ + I2ah + U\ 

Ans. (3a + 26) (3a + 25). 

4. Factor 4a;2 + sa; + 4. A7is. {2x + 2) {2x + 2). 

6. Factor da^b^ + I2abc + 4c\ 

Ans. {dab + 2c) {Bab + 2c). 
6. Factor Ux^y^ + lOxy^ + 4y<. 

A71S. {4xy + 2ff) (4ay + 2^^). 

63. When two terms of a trinomial are squares, and 
positive, and the third term is equal to minvs twice their 
square roots, the trinomial may be factored by Formula 

(2)- 

1. Factor a^ — 2ab + b\ A9is. {a — J) (a — J). 

2. Factor 4a2 — 4ab + b\ Ans. (2a — b) (2a - h), 

3. Factor Oa^ — 6ao + c\ A71S. (3a — c) (3a — c). 

4. Factor a^x^ — 4aa; + 4. Ans. {ax — 2) (osb — 2). 

5. Factor 4x^ — ixij + y\ Ans. (2x — y) {2x — y). 

62. When may a triuomial be ftictorcd ? 

63. Whcu may a trinomial be factored by this method? 
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6. Factor 36aj2 - 24a!y + 4y2. 

Ana. (fix — 2y) (6aj — 2y). 

64. When the twd terms of a binomial are squares and 
have contrary signs, the binomial may be factored by 
Formula (3). 

1. Factor 4c2 — b\ Arts. (2c + h) (2c - b) 

2. Factor Sla^c^ - Wc^. 

Ana. ifiac + Zhc) (9ac — 3Jc). 

3. Factor 64a^i* — 2bxh/\ 

Ana. (8a2^>2 + hxy) (fia^l^ - 6a^), 

4. Factor 25aV — 9«*y2. 

^7w. {5ac + Sx^y) (5ac — dx^y). 

5. Factor 36a*6*c2 - 9a^. 

-4?w. (6a2J2c + 3x3) (6a2j2c _ 3a;3). 

6. Factor 49aj* - 36y^. Ana. {W + 6y^) {Ix^— 6y2). 

65. When the two tenns of a binomial are cubes, and 
have contrary signs, the binomial may be factored by 
Formula (4). 

1. Factor Sa^ — c^. Am. (2a - c) (4a2 + 2ac -{- c^). 

2. Factor 21a^ - 64. 

Ans. (3a — 4) (Oa^ + 12a + 16). 

3. Factor a^ — 64*3. 

Ans. (a - ^h) (a^ + 4a J 4- 16^^)^ 

4. Factor a? — 2lb\ Ana. (a - 3J) (a^ + 3aJ h 9^'-^). 

61. When may a binomial be factored ? 
65. When may a binomial be f-ictored by tb's method? 
4* 
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66« Wbcn the terms of a binomial are cubes and haye 
like signs, the binomial may be factored by Formula ( 5 ). 

1, Factor 6a^ + c^. Ans. (2a + c) (4a» — 2ac + <?). 

2, Factor 2W + 64. 

Ans. (3a + 4) (Oa» - 12a + 16). 

3. Factor a' + 6463, 

Ans. (a + 46) (a» - 4aJ + IW). 

4. Factor a^ + 27^, Ans. (a + 3J) (a» - 3aJ + QJ*). 

67. When the terms of a binomial are 4th powers, and 
have contrary signs, the binomial may be fectored by 
Formula (6). 

1. What are the factors of a* — i*? 

Ans. (a + 6) (a - b) (a^ + y). 

2. What are the factors of 81a* — 166* ? 

Ans. {da + 26) (3a - 26) (Oa^ + 46»). 

8, What are the factors of 16a*6* — 81c*rf*? 

Ans. (2a6 + Bed) (2a6 — 3cd) {4a^b^ + 9c^d% 



1 



GBEATEST COMMON DIVISOR, 

68. A Common Divisor of two quantities, is a quantity 
that will divide them both without a remainder. Thus, 
8a'6, is a common divisor of 9a^b^c and Sa^b'^ — Qa^b^. 

66. When may a binomial be factored by this method? 
6*7. When may a binomial be factored by this method? 
68. What is the common divisor of two quantities ? 
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69. A Simple or Prime Factob is one that cannot be 
lesolved into any other fiictors. 

Every prime &ctor, common to two quantities, b a com- 
mon divisor of those quantities. The continued product of 
any number of prime Victors, common to two quantities, is 
also a common divisor of those quantities. 

70. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
common to both. 

71. When both quantities can be resolved into prime 
fiictors, by the method of fectoring already given, the great- 
est common divisor may be found by the following 

RULE. 

L Resolve both quantities into their prime factors : 
n. Find the C09itimced product ofaU the factors which 
are common to both / it wiU be the greatest common divi- 
sor required, 

EXAMPLES. 

1. Required the greatest common divisor of 75a*6*c and 
25abd. Factoring, we have, 

l5aWc = 3 X 5 X Baabbc 
25abd = 5 X 5al>d. 

The factors, 5, 5, a and 5, are common ; hence, 

6x5xax6 = 25a5, 

IS the divisor sought. 

69. What is a simple or prime factor ? Is a prime factor, common to 
two quantities, a common divisor ? 

70. What is the greatest common divisor ? 

71. If both quantities can be resolved into prime factors, how do you 
find the greatest common divisor? 
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VERIFICATION. 

nba^bH -T- 2bab = ^abc 
2bdbd -5- 25a5 = d\ 

and since the quotients have no common factor, they cannot 
1)0 further divided. 

2. Required the greatest common divisor of a^ — 2ah -I- 
V^ and a^ — li^, Ans. a - h, 

3. Required the greatest common divisor of a* + 2aJ + 
b^ and a + b. Ans. o + 5. 

4. Required the greatest common divisor of a^^ — iax 
4- 4 and ax — 2. -4w5. aa; — 2. 

6. Find the greatest common divisor of Qa^b — 9a^c 
- - 1 8a^ and b^c — 3bc^ — C&«cy. -4/i5. 5 — 3c — Coy. 

C. Find the greatest common divisor of ia^c -— 4a€x and 
Sa^ff — 3a<7aj. -4«5. a(a — a;), or a^ — ax, 

Y. Find the greatest common divisor of 4c* — 12ca5 + 9a^ 
and 4c2 — 9x'^, Ans. 2c — 3a!. 

8. Find the greatest common divisor of a^ — y^ and 
Q.2 _ y2^ Ans. a; — y. 

9. Find the greatest common divisor of 4c^ + 46c + P 
and ic^ — b^, Ans. 2c + b. 

10. Find the greatest common divisor of 25a'^c^ -— Oa^y* 
and C^accP + ScPx'^j/^. A7is. 5ac + Sar^y*^ 

Noi:e. — ^To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor bctAveen this 
result and the third. 

1, What is tlie greatest common divisor of 4ax^i/^ IGabsx^^ 
and 2iacx^ ? A7is. 4aa?, 

2. Of 3ce2_ G.T, 2aj^— 4:X\ and x-i/— 2xi/? Ans. a^— 201 

12. Wlicu is ouc quantity a multiple of another? 
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LEAST C03IM0N MULTIPLE. 

^. One quantity is a multiplb of another, when it can 
be divided by that other without a remainder. Thus, Bd^bj 
is a multiple of 8, also of a\ and of b. * 

7.1. A quantity is a Common MvUipU of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 2ia^x^^ is a common multiple of 
^ax and Aa^x. 

74. The Least Common Multiple of two or more quan- 
tities, is the simplest quantity that can be divided by each, 
without a remainder. Thus, 12a^b^'^^ is the least common 
multiple of 2a^x^ iab\ and Qa^h^x^. 

75. Since the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain every piime factor in all the quanti- 
ties ; and if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by any of the 
metliods already given, the least common multiple may bo 
found by the follo^ving 

BULE. 

I. Hesolve each of the quaiitities into its lyrbne factors . 
n. Tahe each factor as many times as it enters any 09ie 
of the quantities^ and form the contiimed product of these 
factors ; it will be the least common midtiple, 

73. When is a quantity a conmion multiple of several others? 

74. What is the least common multiple of two or more quantities ? 

75. What does the common multiple of two or more quantities contain, 
lis factors? How may the least common multiple be found ? 

* Tbo multiple oi a quantity, la siinplj a dividend which will givo on oxoct quotient 
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BXAMFLSS. 

1. Viai the least common multiple of 12a^6V and Sa'd'. 

12a3ft2c2 = 2,2.S.aaabbcc. 
%aW =3 2.2.2,aahbb. 

Now, Bince 2 enters 3 times as a factor, it most enter 3 
times in the common multiple: 3 must enter once; a, 3 
times; ft, 3 times; and o, twice; hence, 

2.2.2,Zaaahhhcc = 2^a^h^c\ 

is the least common multiple. 

Fmd the least common multiples of the following : 

2. 6a, ba% and 2hahc\ Arts. ISOa'W. 

3. 3a2ft, 9abCj and 2laW. Ans. 2*la^hca^. 

4. ^d^^y\ Sa^xT/^ IGaVj and 24a V«- ^ns. 48a«aiy. 

5. oaj — &B, oy — bt/y and aj^y^^ 

JLtw. (a — b)x,x,yy = aaj^* — &b^*. 

6. a + 5, a^ — 5S and a^ + 2aft + ^^ 

Ans. (a + ft)2 (a - ft). 
Y. 3a3^»2, Oa^aj^^ 18aV» 3a2y2^ ^^^ 18a*ft2jBy. 

8. 8a2(a ft), 15a*(a - ft)^ and 12a3(a2 - h% 

Ana. \20a^{a - ft)^ (a + ft). 
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CHAPTER IV. 

FRACTIONS. 

76. If the unit I be divided iato any number of equal 

parts, each part is called a fractional unit. Thus, - , j, 
11 2 4 

T- , 7 , are fractional units. 

77. A Praciion is a fractional unit, or a collection of 
fractional units. Thus, o » 7 » ^ j T » ^^® fractions. 

78. Every fraction is composed of two parts, the De- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the iVw- 
merator how many of these parts are taken. Thus, in the 

fraction ^ , the denonunator 5, shows that 1 is divided into 

b equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

76. If 1 be divided into any number of equal parts, what is eacb part 
called? 

77. What is a fraction ? 

78. Of how many parts is any fraction composed? "What are they 
called? What does the denominator show? What the numerator? 
What is the fractional unit equal to ? 
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79* An Entire Quantity is one which contains no 
fractional part. Thus, 7, 11, a^ 435* — 3y, are entire 
quantitiea 

An entire quantity may be regarded as a fraction whose 

denominator is 1. Thus, 7 = - , ab = -—' 

80. A Mixed QuANrmr is a quantity containing both 

entire and fractional parts. Thus, 7|V i 8? i ^ H 1 *^re 

c 

mixed quantities. 

81. Let 7 denote any fraction, and q any quantity 

wliatever. From the preceding definitions, 7 denotes that 

•=- is taken a times; also, -^ denotes that v is taken 
o 00 

<iq times ; that is, 

aq a , 

-^ = ~ X g; hence. 

Multiplying the numerator of a fraction by any quanr 
tity^ is equivale7it to multiplying the fraction by that 
quantity. 

We see, also, that any quantity may be miclliplied by a 
fraction^ by multiplying it by the numeraJtor^ and then 
dividing the result by the denominator. 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, ji? x $', as would be obtained by dividing it 

79. What ia an entire quantity ? When may it be rcgf.rdcd as a fno 
lion ? 

80. Wliat is a mixed quantity ? 

81. How may a fraction be multiplied by any quantity ? 
82 llow may a fraction be divided by any quantity ? 
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first by one of the Actors, /?, and then dividing that result 
by the other fector, q. That is, 

— = (-) -5- g'; or, — = {-) -^ P} hence, 
pq \pf ^ pq \ql ^' ' 

Multiplying the denominator of a fraction by any qmvir 
tity^ is equivalent to dividing the fraction by that qtcafitity. 

83. Since the operations of Multiplication and Division 
are the converse of each other, it follows, from the preced 
ing principles, that, 

Dividing the numerator of a fraction by any quantity^ 
is equivalent to dividing the fraction by that quantity ; 
and. 

Dividing the denominator of a fraction by any quantity^ 
is equivalent to multiplying thefra^ction by that quantity. 

84, Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that. 

Doth terms of a fraction may be multiplied by any qiuinr 
tity, or both divided by any qicantity^ without changing the 
valice of the fraction. 



TRAKSFOBMATION OP FRAC5TI0NS. 

85. The transformation of a quantity, is the operation 
of changing its form, without altering its value. The tenn 
redttce has a technical signification, and means, to Trails- 
form. 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the value of 
t fraction? 

85. What is the transformation of a quantity ? 
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FIRST TRANSFORICATION. 

To reduce an entire quantity to a fractional form luxmng a 
given denominator. 

86. Let a be the quantity, and b the given dcaiomi- 
nator. We have, c^ddently, a = -r- ; hence, the 

RULE. 

Multiply the quantity by the given denominator^ and 
write t/ie product over this given denominator. 

SECOND TRANSFORMATION. 

To reduce a fraction to its lowest terms. 

87. A fraction is in its lowest terms j when the numerator 
and denominator contsdn no common &ctors. 

It has been sho^vn, that both terms of a fraction may be 
divided by the same quantity, without altering its value. 
Hence, if they have any conmion &ctors, we may strike 
them out. 

RULE. 

Resolve each term of the fraction into its prime faC' 
tors ; then strike out all that are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remamder ; or, by dividing them by their greatest common 
divisor. 



86. How do you reduce an entire quantity to a fractional form having 
t given denominator ? 

87. How do you reduce a fraction to its lowest terms f 
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EXAMPLES. 

1. Bedaco — — 3 to its lowest terms. 

Canceling the common factors, 5, a, and 0, we have, 
16aV Bae 



26acd 5d 



Ans. 



2. Reduce -itjttj^' -^^^« ;r^* 

15^Ve^ 3c' 

3. Reduce —^. Am. ^,. 

. T» J3 <^^ ^W ^ ^ 

4. Reduce -^ • ^n*. - = a. 

b — c 1 

5. Reduce 5 :; — • Ans. — —--• 

7i2 — 1 n + 1 

6. Reduce -r ; — ;• Ans. 



^ — 2005 + a* ' as — o 

7. Reduce — r^rnr • -^^^- — • = — 8. 

— l2aWc 1 

24J« - 36a5* - 45 - Ca 

8. Reduce ,^ ,,, T;r-rfs- -aw5. 



48a*5* - 6Qa^b^ ' 8a* — lla^^'^ 

9. Reduce -5 ^ , . ,» ' -^w^« t* 

,^-0:1 5a3 - lOa^J + 5aZ»2 . 5(a - 5) 

10. Reduce -^ r-rr • -4n5. -^^-- '-• 

8a^ — 80^6 8a 

^ . 3a2 + Ga2J2 1 + 2^>2 

11. Reduce ,^ . , ^ ., » ^?i5. 



12a* + Ca^c^ " 4a2 + 2ac2 

.« -o ^ a2 -f- 2aaj + aj2 a + a; 

i^. Reduce ^, ^ --r — • Ana. --1 -.* 

3(a2 — a.2) ^\^a — -jc^ 
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TIUBD TBANSFOSAIATION. 

To reduce a fraction to a mixed quwUity. 

88. When any term of the numerator is divisible by any 
teim of the denominator, the transformation can be effected 
by Division. 

BULB. 

Perform the indicated division^ continuing the operation 
as far as possible ; then torite the remainder over the deno- 
minatorj and annex the result to the quotient found. 

EXAMPLES. 

1. Reduce • Asm. a • 

SB 

2. Reduce ^^ ^ • Aiis. a — x. 





X 




ax 


— 


7? 




X 




ah 


— 


2a^ 




b 




a2 


— 


x^ 



3. Reduce ^ • Ans. a £- • 



4. Reduce • Ans. a -V x. 

a — X 

X^ — 7/*' 

6. Reduce ^« Ans. x^ + xu + y\ 

X— y 

6. Reduce = ■ — • Ans. 2aj — 1 + — • 

bx 5x 

#t T> ;i seas' — I2x + Z2a^ .^ ^ , S2a^ 
1. Reduce — . . 4a^ — 8 H -— • 

935 9 

8. Reduce l^^/- ^W- ^^^ . . ^^?^« 1 

Sadf d a df 

nT>;i a^ + CB-4 . , 2 

9. Reduce --;: — • Ans. « — 1 



X + 2 ' X + 2 

88, now do you reduce a fracUoi^ to a imxed (\\usUt3 1 
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10. Rcdace — ^-=- • Ana, a ^ b -{ r-= • 

a + b a +b 

1, T> ^ aj2 + 3a5 - 25 . . ^ , 3 

11. Rcdace • Ans, a; + 7 + 



a; — 4 



FOUBTU TEANSFOmiATION. 

To reditce a mixed quantity to a fractional form. 

89. This transfonnation is the converao of the preced- 
ing, and may be elTeeted by the following 

BULB. 

Multiply the entire part by the denominator of the frac- 
tion^ and add to the product the numerator; vsrite the result 
over the denominator of the fraction. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction. 
6 X 7 = 42; 42 + 1 = 43; hence, C| =. y. 
Reduce the following to fi actional forms : 

2. aj = i^ i . Ans. 



XX X 

ax + OR^ . ax — x^ 

S. X • Ans, 



2a 2a 

. ^ , 2a5 — Y ^ 17a; - 7 

4. 5 H • Ans. 



Bx ' Sx 

_, aj — a — l . 2a — aj+1 

6. 1 • A71S, 



6. i + 2x-'-^. ^n. ^'^+"^ + « 



5x 5x 



S», How do you reduce a mixed quantity to a fractional form ? 
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1. 2a + ft — • Ans. — . • 

o o 

8. Coa + ft : Ans. 9 

Aa 4ta 

9. 8 + Zab ^TTT-fZi — • 

I2abx^ 

96aftaj* + SOa'fiV - S 



Ans. 



FIFm TBANBFOEICATION. 



12afta* 



7b reduce fractions having different denominators^ to tfgv^B* 
vofen^ fractions having the least common denominator. 



90. This traDsformation is ciTccted by finding the 1 
common multiple of the denominators. 

1. Reduce -, -, and —, to their least common denom_3' 
nators. 

Tlio least common multix)le of the denominators is 1S2) 
which is also the least common denominator of the requir©^ 
fractions. If each fraction be multiplied by 1 2, and the resiLlt 
divided by 12, the values of the fractions will not be changed 

- X 12 = 4, 1st new numerator; 

3 

- X 12 = 9, 2d new numerator; 

5 

-— X 12 = 6, 3rd new numerator ; hence, 

— , --, and -- are the new equivalent fractions. 



90. ITow do you reduce fractions having different denominators, to cqni 
Talent fractions having the least common denominator ? When the no 
•neratore have no common factor, \\o\v do yoxw^idvycci Wvimt 



S 
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By reducing to a common denominator, wo have, 

6 X 3 X 6 = 90, Ist numerator. 

4 X 2 X 6 = 40, 2d numerator. 

2 X ax 2 = 12, 3d numerator. 

2 X 3 X 5 = 30, the denominator. 

Hence, the expression for the sum of the fractions becomes 

90 40 12 _ 142 ^ 
30 30 "^ 30 ~" 30 * 
'^hich, being reduced to the simplest form, gives 4} J. 

2. Find the sum of t> -t» and -;.• 

Here, a x rf x / = adf \ 

c X ft X / = chf \ the new numerators. 

6Xftxc?=eftdf) 
ftud 5 X c? X / = hdf the common denominator. 
IT«««« odf .ebf .ebd adf + cbf + ebd ., ^^^^ 

Add the following : 

3aj2 , _ , 2005 . . - , 2afta; — 3ca5* 
3. a — ^ , and ft H • Ans, a + ft H r 

^•i' ^ ^^ i* ^^'- "^ + 5 

^ aj — 2 - 405 - 1905 — 14 
6. — ^ and y. ^715. -^ 

,85-2 - „ .285-3 . , ,1035-17 

^' * H o *^^ ^^ "I ~A • ^^^' ^^ "^ TO 

3 4 12 

«• 405, t;— , and — -^ — • Ans, 4o5 H -— 

^ 2a' 205 2ao; 

„ 205 7o5 , -205 + 1 . ^4905+12 

8. — , — , and — - — • AnA. 2x -\- 



3 ' 4 ' """ 5 ""'"• "•*' ^ 60 

— , and 2 -\- - Ana. 2 + 4o5 4- -77- 

9 5 45 
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10. to -f ^ md z - ^. Ans. to + ? 

11. otf — — - and 1 — J- 

8a il 

. . , 6M+ 800 

. 4a? - to + 4 
18. — -, -7- r, and -7- =- • Ans. 



4(1 + a)' 4(1 - a)' 2(1 - a«) 1 - a« 



SUBTBACnON OF FRACnOSS. 

9!t. FractioDB can only be Babtracted when they ha^ 
tlie same unit; that is, a common denominator. Li tha' 
case, the numerator of the minuend, minus that of the 
trahcnd, will indicate the number of times that the conmiOK: 
unit is to be taken in the difference. Hence, the 

BULB. 

L Itedtice the two fractions to a common denonti' 
hicUor : 

n. TJien subtract the numerator of the subtrahend from 
that of the minuend for a new numercOoTf and write the 
remainder over the common denominator. 

BXAIIPLBS. 

3 2 

1. What is the difference between - and -- 

Y 8 

?_^ -Hf-li — 12 — J.. Ans 
1 8 "■ 66 56 ~" 66 "" 28' 

03. What iH the rule for subtracting fractions? 
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2. Find the difference of the fractions —rr— and — - — 

2b do 

TT j (as — a) X 3c = 3ca5 — 3ac ) , 

^""^ \ (2a - 4 X2b = 4ab - 8to f ^« numerators, 

and, 25 X 3c = 6bc the common denominator, 

., 3ca5— 3ac 4aJ— 8te 3«b— 3ao— 4«ft+8&B . 

"''"'^-e*^ 63r- = 633 ^'"^ 

3. Required the difference of -z- and -— • Ans, — - 

4. Required the difference of 5y and ~ • Ans, -— ^ 

8 8 

6. Required the difference of — and -—• Ans. —- 
^ 7 9 63 

8. From ?-i^ subtract 5-^. JLtw. _i^L. 



» — y x + y sb2 — 2/2 
7. Prom subtract -^ r« -4n«. ^ ^^^^- 



y — 2 y^ — z^ ' y^ — z^ 

Find the differences of the following : 

^ Sx + a ,205 + 7 J 24a; + 8a — lObx — 355 
8. — -7— and — -I -4n«. 



55 8 405 

9. 3a5 + 7 and x • Ans, 2x + 



b c ' be 

-^ , a " X ^ a + X . 4aj 

10. a H — 7 — ; — r and -7 — ■ : • Ans, a — 



a{a + x) a{a — a;) ' a'^ — as* 



MUITIPLIOATION OF FRACTIONS. 

03* Let j^ and ^, represent any two fractions. It has 
l)een shown (Art. 81), that any quantity may be multiplied 

93. What is the rule for the muliiplicJxUon of (rAcUowa? 
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by a fraction, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

To multiply j- by -^, we first multiply by c, giving — 
then, we divide this result by d^ which is done by multiply 
ing the denominator by d; this gives for the product, j-^\ 
that is, 

BULB. 

I. ^ there are mixed quantities^ redvce them to a fraO' 
lioncUform; theuj 

TL Multiply the numerators together for a new numerO' 
tor, and the denominators for a new denominator. 

EXAMPLES. 

1. Multiply a H *^y 3* First, a -\ = , 

a a a a 

, d^ + hx c a^o -h bcx - 

hence, ■ x :^ = ^ — • Ans. 

a d ad 

Find the products of the following quantities : 

_ 2x Sab , Sac a ^ 

2. — , — , and --z- Ans. Ooas. 

a^ c ^ 2h 

8. H and - • Ans. • 

ax X 

. x^ -52 052+52 a?* - 6* 

4. — r — and -2 — ; — • Ans. 



be 5 + c * 5^0 + ftc» 

5. oj H , and — -— r • Ans. 



a ' a 4- ft • d^ •\' ah 

ax ^ d^ - x^ . a^ + ahi 
and — ; — 5^ • Ans. • — r- 
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7. Multiply jjp— g by — 

We have, by the rule, 

2a a»- y _ 2a(a^ - b^) _ 2a(o + ft) (a - ft) 

a - ft ^ 3 - 8(a - ft) ■" 3(a - ft) 

= y(« + »)• 

After indicating the operation, we &ctored both numera- 
tor and denominator, and then canceled the common factors, 
before performing the multiplication. This should be donc^ 
toknever there are common factors. 

^ 2 . a* - y^ .. 2(aj 4- y) 

8. by ^. Arts. ^ ^ ' 

^ a;2 — 4 , 4x . 4x(x — 2) 

'- -3- ^y ^T2" ^'"- —3 — 

yJ ' as - 1 y 

(a" - a!') 1 + g . a — x 

13. « + J^ by «- JJL ^^. «,. 

as-y ' a + y 

"• 4a ''y ft2-2aft ^'"- 2^ 

16. «_y! by ? + ?f. ^n.. ?1^ 



102 ELEMENT ART ALOEBBA. 



DIVISION OF FRACTIONS. 



94. SiJice - =z p X - , it follows that, dividing by a 

quantity is equivalent to multiplying by its reciprocal But 

6 d 

the reciprocal of a fraction, -^ , is - (Art. 28) ; conse- 
quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction* 
Hence, 

a c a d ad 

d o c oc 

Whence, the following rule for dividing one fraction by 
another : • 

BULE. 

I. Reduce mixed quantities to fractional forms : 
II. Invert the terms of the divisor^ and multiply ths 
dividend by the resulting fraction. 

Note. — ^The same remarks as were made on factorings 
and reducing^ imder the head of Multiplication, are appli* 
cable in Division. 

EXAMPLES. 

h f 

1. Divide a — — by -• 

__ _6 __ 2ac — h 
2c "" 2c 

TT h f 2ac — h g 2acg — hg . 

Hence, a — — -5- ^ = — X ^ = — ^-?-^- ^"^ 

' 2c g 2c f 2cf 

*4. What is the rule for the division of fractions? 
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2. Divide ?^±J^ by '^^=^^ 

H^ + y) X « ^ 2(« + y) ^ g 

a a;2 — y2 ^ (« + y) (« - y) 

= • Ans, 

aj — y 

3. Let — be divided by — • Arts. •— 

4. Let -z- be divided by 5x, Ana. -- 

7 85 

5. Let — - — be divided by --- • Ans, 7" 

6 "^ 3 4aj 

6. Let be divided by - • Ans, 

aj — 1 •'2 JB — 1 



I. Let -— be divided by —z • Ans. — 

a; _ 5 ,..,,, 3caj . x — b 

«• ^"* -8^ be divided by -^. ^ns. -^^ 

Divide the following fractions: 

^ 4a;2 - 8a5 , 05^ - 4 . 4a; 

9. by — - — • Ans. — — - 

3 "^ 3 35 + 2 

10. -= ; To by — -^— ^ • Ans. x -{ 

.X , 4a;2 . (a + by 

II. 2«(a + 6) by — — ^ • ^W5. ^^^ - 



a + b 2x 
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14. z — - l)y 



1 - » 

15 SB* by aj — 



16. — m— i>y 



2ad 
x^ - y^ 



a + X 

as + y' 

6a — 26 
62-2aft' 



17. ^^^— ^ by - + ?^. 



18. m2 + 1 -r -2 by m + — + 1 



-4iw. aj + 
Ans, 
Arts. 



a2-aj» 



1 -a? 


2ay 


iB-y 


2a -6 


4a 


^-f 



m 



m 



Ans. m -\ 1. 

m 



10 



20. 



(x + f^) by (i-a.f£l^). A.^s.y. 
V 1 4- xyf •'V 1 + x^f ' 

x + y^yf ' \ y x + yl 



BQUATIOBB OF THE FIB8T DKGREK. 105 



CHAPTER V. 

BQUATIONS OF THB FIBST DSGBEB. 

95. An Equation is the expression of equality between 
two quantities. Thus, 

35 = 6 -f c, 

is an equation, expressing the fact that the quantity Xy 19 
equal to the sum of the quantities b and c. 

96. Every equation is composed of two parts, connected 
by the sign of equality. These parts are called members : 
the part on the left of the sign of equality, is called tho Jlrst 
Wjember ; that on the right, the second member. Thus, in 
the equation, 

a; 4- a = ft — c, 

05 + a is the first member, and 6 — c, the second member, 

97. An equation of the^rs^ degree is one which involves 
only the first power of the unknown quantity ; thus, 

6a; -f 3a; - 5» = 13 ; ( 1 ) 
and ax -{- bx -{- c =z d; (2) 

are equations of the first degree. 

95. What is an equation? 

96. Of how many parts is every equation composed? How are the 
parts connected ? What are the parts called ? What is the part on the 
left called? The part on the right ? 

97. What is an equation of the first degree ? 

5* 
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9§« * A NUMERICAL EQUATION is onc in wliich the u)effi> 
cieuts of the unknown quantity are denoted by numbers, 

09. A LITERAL EQUATION is ouo in which the coefficients 
of the unknown quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) is a 
literal equation. 

XQUATIONS OF THE FIRST DEGREE CONTAINING BUT ONB 
UNKNOWN QUANTITY. 

100. The Transformation of an equation, is the opera- 
tion of changing its form without destroying the equality 
of its members. 

101. An Axiom is a self-evident proposition. 

102. The transformation of equations depends upon tho 
following axioms : 

1. If equal quantities he added to both members of an 
equation^ the equality will not be destroyed. 

2. Jf equal quantities be stcbtracted from both m^enibers 
qf an equation^ the equMity wiU not be destroyed. 

3. Jf both members of an equation be multiplied by the 
same quantity^ the equality wiU not be destroyed. 

4. If both members of an equation be divided by the saatnjs 
quantity^ the equality will not be destroyed. 

5. lAJce powers of tJie two members of an equcUion are 
equal. 

6. Idke roots of the tioo members of an equation are 
equal. 

98. What is a numerical equation ? 
99 What is a literal equation ? 

100. What is the transformation of an equation ? 

101. What is an axiom ? 

102. Name the axioms on which the transformation of an equation 
depends. 
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103* Two principal transformations aro employed in the 
solution of equations of the first degree : Clearing of frcuy 
HonSf and Transposing. 

CLKARING OP FRACTIONS. 

1. Take the equation, 

3" " T ■*" 6 - ^^• 

The least common multiple of the denominators is 12. If 
we multiply both membera of the equation by 12, each term 
will reduce to an entire form, giving, 

8aj — 9aj + 2a; = 132. 

Any equation may be reduced to entire terms in tlie same 
manner. 

104. Hence for dealing of fractions, we have the fol- 
lowing 

SULB. 

I. Find the least common multiple of the denominators: 
n. Multiply both members of (lie eqication by ity reduc- 
ing the fractional to entire terms, 

Note. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominatoi-s, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplying 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

103. How many transformations arc employed in the solution of equa- 
tions of the first degree ? Wliat are they ? 

104. Give the rule for clearing an equation of fractions? In what throe 
•rays may the reduction be effected ? 
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3. The transfoiTuation may also bo effected, by mvUiplying 
both members of tJie equation by any mtcUiple of the de- 
nominators, 

EXAMPLES. 

Clear the following equations of fractions: 

1. 1 + ^ — 4 = 3. A71S. 1x -^ 5x - 140 = 105. 

2. I + f — ^ = ^- -^^- Oaj + 6aj — 2a5 = 432. 

^ X , X X , X 

'- 2 + 3-9+12= 20- 

Am. 1835 + 1205 — 405 + 305 = 120. 
4. 5 + f — f = ^« ^^^' 14® + 1005 — 3505 = 280. 

6. 7 — I + T = 15. Ans. 1505 — 12o5 + 10o5 = 900 

4 D O 

05 — 4 05—2 5 

«• - -^ — = r 

Am. — 2a5 + 8 — SB + 2 = 10. 

7. T h 4 = -• Ans. 505 + 60 — 20o5 = 9 — 305. 

3 — 05 5 

8. ?_? + ? + ?=i2. 

4 6 8 9 

Ans. 1805 — 1205 4- Oo5 -f 8o5 = 864. 

9. ^ — ^ + / = </. Ans. ad -- be + bdf = bdg 

,^ 005 20^05 , , 4^c2a5 Sa^ . 2c* 

5 a^ a^ b^ a 

The least common multiple of the denominators is a'5* 
«^te — 2a2*c2fl5 4- 4a*62 - 453^2^. _ 5^6 4. 2aW(^ — 3a'J' 
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rSANSTOBINO. 

105. Tbansfosition is tho operation of dianging a term 
from one member to the other, without destroying the 
equality of the members. 

1. Take, for example, the equation, 

535 — 6 = 8 + 2a;. 

I^ in the first place, we subtract 2x from both members 
the equality will not be destroyed, and we have, 

6a; — 6 — 2a; = 8. 

Whence we see, that the term 2a;, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

5a; — 6 - 2a; -f 6 = 8 + 6, 

or, since — 6 and + 6 cancel each other, we have, 

6a; — 2a; = 8 -f 6. 

Ilence, the term which was subtractive in tho fii'st member, 
passes into the second member with the sign of addition. 

106* Therefore, for the transposition of the terms, wo 
have the following 

BULB. 

Any term may be transposed from one member of an 
equation to the other^ if the sign be changed, 

105. What is transposition? 

100. What is the rule for tV iransposltion of the iAxxas, oC a\L ec^tloiit 



1. 


335 4- 6 - 5 = 2a5 - Y. J[n5 


2. 


aaj 4- 6 = d — ex. 


3. 


4aj - 3 = 2a; + 5. 


4. 


905 -f c = caj — d ^n 


5. 


ax +f =z dx -h b. 


6. 


6a5 — C = — OKB + ft. 



\ 
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EXAMPLES. 

Transpose the unknown terms to the first member, and 
the known terms to the second, in the following : 



A71S. ax + ex = d -b. 
Arts, 4x — 2x = 5 + 3. 
18. 9x — ex = — df — c. 
Ana. ax — dx = ft -/. 
Ans, 605 + aa5 = J + c 



SOLUTION OF EQUATIONS. 

107. The Solution of an equation is the operation of 
finding such a value for the unknown quantity, as will 
saJtisfy the equation ; that is, such a value as, being sut- 
stituted for the unknown quantity, will render the two mem- 
bers equal This is called a boot of the equation. 

A Root of an equation is said to be verified^ when bring 
substituted for the unknown quantity in the given equaiioBf 
the two members are found equal to each other. 

1. Take the equation, 

2 ^ - 8 + ^• 

Cleai*;ng effractions (Art. 104), and performing the opei* 
tk>ns ini\icated, we have, 

12a; — 32 = 4a5 — 8 + 24. 

lOY. WLik-. is the solution of an equation ? What is the found value 
of tlio unkai wn quantity called ? When Lb a root of an equaticn said tl 
bo rcHGcd. 
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Transposing all the unknown terms to the first member, 
and the kno^vn terms to the second (Art. 106), we have, 

12a; - 4aj = - 8 -f 24 + 32. 

Reducing the terms in the two members, 

8a; = 48. 

Dividing both members by the coefficient of Xj 

a; = - = 0. 

VERIFICATION. 
8X6 , 4(6 - 2) . „ 

_ 4 = ^—^4-3; or, 

+ 9-4 = 2 + 3 = 6. 
Hence, 6 satisfies the equation, and therefore, is a root. 

10§. By processes similar to the above, all equations of 
the first degree, containing but one unknoA\ii quantity, may 
be solved. 

BULB. 

I. Clear the equation of fractions^ and perform all the 
indicated operations : 

n. Transpose aU the unknovm terms to the first member^ 
and all the knoion terms to the second member : 

in. JReditce aU the terms in the first member to a single 
term^ one /actor of which will be the unknown quantity^ 
a7id the other factor zoill be the algebraic sum of its coeffi- 
cients : 

IV. Divide both members by the coefficient of the unhiown 
quantity : the second member will then be the value of the 
unknown quantity, 

108. Give tho rule for solving equations of the tot degree witb one 
ouliDOwn quantitj. 
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EXAMPLES. 

1. Solve the eqoatioii, 

12 3 ""8 6 ' 

Clearing effractions, 

IOjc — 3205 — 312 = 21 — 52aj. 

By transposing, 

10a; - 32a5 + 52a5 = 21 + 312. 

By reducing, 30aj = 333; 

, 333 111 „,. 

hence, x = —— = -— - = 11.1; 

' 30 10 , 

a result which may bo verijfied by substituting it for x in 
the given equation. 

2. Solve the equation, 

(3a — a) (a — i) + 2ax = 4b(x + a). 

Performing the indicated operations, we have, 

3a* — oaj — 3aft + te + 2aaj = 4Sfl; + Aad. 

By transposing, 

" ax + bx + 2ax — 4bx .-= 4ab + Sab — 3A 

By reducing, ax — Sbx = lab — 3a*; 

Factoring, (a — ^b)x = lab — 3a*. 

Dividing both members by the coefficient of sc, 

lab - 3a* 
a — 86 

3. Given 3a; — 2 + 24 = 31 to find x. Am. as = 8. 

4. Oiven a; + 18 = 3x — 5 to find ai Ans. x = 11} 
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b. Given 6 — 2aj + 10 =: 20 — 3aj — 2, to find x. 

Ans. OS =r 2, 

6. Given as + Jas + Jas = 11, to find as. Ans. a; = 6. 

7. Given 2a5 — Ja; + 1 = 5a5 — 2, to find a^ 

Ans. as = f • 

Solve the following equations: 

a , M 6 — 3a 

8. 3aa; + -— 3 = Sa; — a. Ans. as = -r • 

'2 6a — 26 

^ as — 3 . as «^ « — 19 j ««i 

9. — g— + 3 = 20 ^— • ^n«. as = 23J. 

,^« + 3,a5 . a; — 5 . 

10. --^ + 3 = ^ i — ^'**- ^ = ^A- 

11. 7 — -- + 05 = -— — 3. ^n«. a; = 4. 
4 2 o 

,^ 3aaj 2&B . - . cdf + Acd 

12. -J 4 = /. ^W5. as = - -^ . . 

erf "^ 3arf — 2&C 

,^ X -- a 2a5 — 36 a — x ,^ , ,,r 

13. —- -— r= 10a + 116. 

o o £ 

Ans. X = 25a + 246. 

X 8 — a;64-a;ll 

14. ---g ±_+_ = 0. Am.x=U. 

a+asa— as a^ — a^ ^ 

,^ 8aaj — 6 36 — c ^ . 
16. z z — = 4 — 6. 

*l 2 

56 + 96 - 7c 

^715. aj •= -~ • 

16a 

- OS as — 2 , aj 13 . 

17 ---3- + - =-• 4m. «= 10. 
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X ^X X X 

abed 



X X X X 



- abcdff 

Note. — ^Wbat is the uumcrical value of as, when a = 1, 
i = 2, c = 3, rf = 4, and / = 6 ? 

,^ a; 8aj cc — 3 ,^,. . .. 

19. ;; — — T- = — 12ff • -4n«. X = 14. 

19 6 

•^ «>^ 3a; — 5 . 4x — 2 . , . - 

20. a; r- h — r^ — = a5 + 1. Am. aj = 6. 

21. aj + ? + 7 — I = 2a5 - 43. -4n«. aj = 60. 

4 5 6 

^^ « 4aj — 2 3a; — 1 . « 

22. 2a; — = — - — • AnB. a; = 8. 

5 2 

23. 3a; -< ^ — = a; 4- a. -4n5. a; = , • 



4 "^ 3 "■ T ^T" ' 



Ans. X = ;; -I* 

Za — 2& 

4a; 20 - 4a; 15 - ^2 

25. = — • AnB. X = 3— • 

5 — a; a; 05 11 

^^ 2a5 4- 1 402 — 3a; ^ 471 — 6x 

26. = 9 • 

29 12 2 

Ana. a; = 72, 

27. ' ^ ^\ ^ - 3a = --V 2a; + -.— • 

A __ ^' + 3a35 + AaW - 6a&3 + 2}* 
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PROBLEIHS. 

109. A Pboelem is a question proposed, requiiing a 
solution. 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that ^vill satisfy the given conditiona. 

Tlie solution of a problem consists of two parts : 

I. The STATEMENT, which consists in es^essing^ algehror 
icaUy^ the relation between the knoton and the required 
quantities. 

n. The SOLUTION, which consists in Ji9iding the values 
of the unknown quantites^ in terms of those which are 
known. 

Tlie statement is made by representing the unknown 
quantities of the problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum 
will be equal to 9 ? 
Denote the number by x. Then, by the conditions, 

JB + 5 = 9. 
Ttiis is the statement of the problem. 

To find the value of a?, transpose 6 to the second member; 
then, 

X = 9 — 6=4. 

This is the solution of the equation. 

VERIFICATION. 

jc + 5 = 9. 

109. What is a problem? Wbit is the solution of a problem? Of 
how many parts docs it consist' What arc they? What is the state 
mcut ? What is the solution ? 



116 E L K M K N T A K V A L G K B K A . 

2. Find a number such that the sum of one-half, onc-tbird, 
and one-fouith of it, augmented by 45, shall be equal to 448 

Let the required number be denoted by as. 



X 

X 

X 
4' 



Then, one-half of it will be denoted by 

one-third " " by 

one-fourth " " by 

and, by the conditions, 

? + | + | + 45=448. 

This is the statement of the problem. 

Clearing of fi-actions, 

6a; 4- 4a5 4- 3aj -f 640 = 6376 , 
Transposing and collecting the unknown terms, 
13a; = 4836; 

v 4836 

hence, x = — -- = 372. 

lo 

VERIFICATION. 

372 ^72 372 

^ + -^ + -T- + 45 = 186 -H24 + 93 + 46 = 448. 
2 3 4 

3. What number is that whose third part exceeds itfl 
fourth by 16? 

Let the required number be denoted by x. Then, 
-CB = the third part, 

jx = the fourth part ; 
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and, by the conditions of the problem, 

-aj — Tfls = 16. 
3 4 

This is the statement. Clearing of fraetions, 

4aj — 305 = 192, 

and hence, x = 192. 

ySBI7ICA.TI0N. 

192 192 

^ - i^ = 64 - 48 = 16. 
3 4 

4. Divide llOOO between -4, -B, and C, so that A shall 
have 172 more than J?, and #100 more than A. 

Let X denote the number of dollars which 2? received. 

TTien, x = JPs nmnber, 

aj + 72 = -4'« nmnber, 
and, aj + 172 = C^s nmnber; 

and their sum, 3aj + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
3aj = 1000 - 244 = 756 ; 
and, X = — - = 252 = JS^s share. 

Hence, aj + 72 = 252 + 72 = 324 = A^s share, 
and, aj + 172 = 252 + 172 = 424 = C's share. 

VEEIFICATION. 

252 4- 324 + 424 = 1000. 

6. Out of a cask of wme which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : how much did it 
hold ? 
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Let X denote the number of gallons. 

Then, - = the number that had leaked awiay. 
3 

and, o + 21 = what had leaked and been drawn. 
3 

Elence, by the conditions, - + 21 = - • 

This is the statement. Clearing of fractions, 

205 + 126 = Sas, 
and, — aj = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1), we have, 

X = 126. 

VERIFICATION. 

1|« + 21 =42 + 21= 63 = 1|«. 

6. A fish was caught whose tail weighed 9 lbs.', his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what was 
tlie weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 + aj = weight of the head ; 

and since the body weighed as much as both head and Uilf 

205 = 9 + 9 + SB, 
which is the statement. Then, 

2aj — SB = 18, and x = 18. 
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HcncCi we havei 

2x = 36Z&. = weight of Uie body, 

9 + X = 27Z&. =. weight of the head, 

9lb. = weight of the tail ; 

hence, 72/9. = weight of the fish. 

7. The sum of two numbers is 67, and their diffcrcr ce 19 
what are the two numbers? 

Let X denote the less number. 

Then, x + 19 = the greater; and, by the conditions, 

2a5 + 19 = 67. 

This is the statement. Transposing, 

2aj = 67 - 19 = 48 ; 

hence, as = -— = 24, and oj + 19 = 48. 

J/ 

VERIFICATION. 

43 + 24 = 67, and 43 - 24 = 19. 

ANOTHEB SOLUTION. 

Let 05 denote the greater number. 

Then, 05 — 19 will represent the less, 
and, 205 — 19 = 67; whence 2a5 = 67 -|- 19. 

Therefore, » = -—=: 43; 

and, consequently, oj — 19 = 43-19 = 24. 

GENXBAL SOLUTION OF THIS PROBLEM. 

The sum of two numbers is 8, their difference is d: what 
are the two numbers ? 
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Let X denote the less nnmben 

Then, x + d will denote the greater, 
and 2x + d = «, their sum. Whence, 

_ 8 " d ^8 d^ 
* - 2 "■ 2 "■ 2' 
and, consequently, 

a5 + d = -— - + £!=.- + -• 
2 2 2 2 

As these two results are not dependent on partieohr 
values attributed to 8 or dj it follows that: 

1 . The greater of two numbers is equal to half their swHk 
plus half their difference : 

2. The less is equal to half their sum^ minus half than 
difference. 

Thus, if the sum of two numbers is 32, and their diffo 
ence 16, j 

32 16' 1 

the greater is, -— + — = 16 + 8 = 24 ; and \ 

2 2 

the less, — ~-=16 — 8=8, j 

VEKIFICATION. J^ 

24 + 8 = 32 ; and 24 - 8 = 16. 

8. A person engaged a workman for 48 days. For eax* 
day that he labored he received 24 cents, and for each A^J 
that he was idle, he paid 12 cents for his board. At t>1i® 
end of the 48" days, the account was settled, when the labo*.*^'' 
received 504 cents. Required^ the number of working da^^^ 
and the number of days he was idle. 

If the number of working days, and the number of i^^ 
days, were known, and the first multiplied by 24, and t/ic 
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^iccood by 12, the difference of these products would be 
504. Let us indicate these operations by means of algebraic 
%igiis. 

Let X denote the number of working days. 

Then, 48 — as = the number of idle days, 
24 X OS = the amount earned, 
and, 12(48 — fl;) = the amount paid for board. 

Then, 24aj - 12(48 — aj) = 504, 

what. was received, which is the statement. 

Then, performing the operations indicated, 

24aj — 516 + Ux = 604, 
or, 36aj = 604 + 6V6 = 1080, 

and, X = ---- = 30, the number of working days; 

36 

whence, 48 — 30 =18, the number of idle days. 

VEEEFICATION. 

Thirty daytf labor, at 24 cents ) ^^ . . ^^^ 
- ^ \ ^ ' 130 X 24 r= 720 cents. 

a day, amounts to ) 

And 18 days' board, at 12 cents )^ ,„ ..^ 
, \ ^ ' J-18 X 12 = 216 cents. 
a day, amounts to ) 

The difference is the amount received .... 604 cents. 



GENERAL SOLUTION. 

Tins problem may be made general, by denoting the whole 
unmber of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by h ; 

And what was due the laborer, or the balance of the 
account, by c. 
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As before, let the nnmber of working days be denote& 
by aj. 

The number of idle days will then be denoted by n — (R- 

Ilence, what is earned will be expressed by aXy and tli» 
Biim to be deducted, on account of board, by b(n — as). 

The statement of the problem, therefore, is, 

ax — b{n — aj) = c. 
Pel forming indicated operations, 

ax — bn + bx z=z Cj or, {a + b)x = e + bn; 

whence, x = — —7 = number of working days 

- c + bn an + bn—c—bn 

and, n — aj = n - 



\ 



or, n — aj = 



a+b a+b ' 

—T- = number of idle days. 

a + b '' 



Let us suppose n = 48, a = 24, ft = 12, and c = 604^ 1 
these numbers will give for x the same value as befon:"^6 
found. 

9. A person dying leaves half of his property to his wifS3, 
one-sixth to each of two daughters, one-twelfUi to a servaar^ 
and the remaining 1600 to the poor; what was tho»amouKxt 
of the property? 

Let X denote the amount, in dollars, 
Then, - = what he left to his wife, 

X 

- = what he left to one daughter, 

2as X 
and, — = - wi at he left to both daughters, 

X 

also, — = what he left to his servant, 

lib ^ ' 



and, $600 = what he lor *tlie poor. 



qT ' 
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Then, by tbe conditiona, 

o + « + v5 "*" ^^^ = as, the amount of the property, 
which gives, x = 17200. 

10. A and JB play together at cards. A sits down with 
t84, and JB with |48. Each loses and wiaa in turn, when 
it appears that A has five times as much as ^. How much 
^dA win? 

Let X denote the number of dollars A won. 
Then, A rose with B4 + x dollars, 

and JB rose with 48 — as dollars. 

But, by the conditions, we have, 

84 + a; = 6(48 — a), 
hence, 84 + aj = 240 — 6aj; 

and, 6aj = 156, 

Consequently, as = 26 ; or -4 won |26. 

VBBIFICAIION. 

84 + 26 = 110 ; 48 - 26 = 22; 
110 = 6(22) = 110. 

11. A can do a piece of work alone in 10 days, ^ in 13 
^ys; in what time can they do it if they work together? 

Denote the time by as, and the work to be done, by 1. 
Then, in 

1 day, A can do — of the work* and 

JB can do — of the work ; and in 

as 
as days, A can do — of the work, and 

- nt 

J5 can do — of the work. 
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Ilcncc, by tlio conditions, 

SB SB 

— + — = 1, which ^Ycs, 1305 + Ite = 130; 

10 13 

130 
hence, 23x =130, 05 = — = SJf days. 

12. A fox, pursued by a hound, has a start of 60 of hk 
own leaps. TTiree leaps of the hound arc equivalent to 7 of 
the fox ; but while the hound makes 6 leaps, the fox makes 
: how many leaps must the hound make to overtake the 
fox? 

There is some difficulty in this problem, ariang firopi the 
different units which enter into it. 

Since 3 leaps of the hound are equal to 7 leaps of the fox, 

1 leap of the hound is equal to - fox leaps. 

8 

Since, while the hound makes 6 leaps, the fox makes 9, 

9 3 

leaps. 

Let 05 denote the number of leaps which the hound miakes 

before he overtakes the fox; and let 1 fox leap denote the 

unit of distance. 

7 
Since 1 leap of the hound is equal to - of a fox leap, m 

7 
leaps will be equal to -x fox leaps ; and this will denote the 
3 

distance passed over by the hound, in fox leaps. 

S 

Since, while the hound makes 1 leap, the fox makes - 

3 

leaps, while the hound makes x leaps, the fox makes -05 leaps ; 

and this added to 60, his distance ahead, will give 
-X + 60, for the whole distance passed over by the fox; 



I 



9 3 

while the hound makes 1 leap, the fox will make ^ » or - 
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Honoey from the conditions, 

7 3 

-a = -a + 60 ; wnenco, 

3 2 

14aj = 9cB + 360; 

X = 72. 

The hound, therefore, makes 72 leaps before overtaking 

Q 

the fox; in the same time, the fox makes 72 x - = 108 
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108 + 60 = 168, whole number of fox leaps, 

72 X I = 168. 
o 

^ 13. A father leaves his property, amounting to $2520, to 
four sons, JL, -B, (7, and D. C is to have $360, 2? as much 
as C and J) together, and A twice as much as -B, less $1000 : 
how much do JL, -B, and D receive ? 

Ans. A, $760 ; -B, $880 ; D, $520. 

14. An estate of $7500 is to be divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more tlum all the children : what was her share, and what 
the sliare of each child ? 

(Widow's share, $4000. 
Each son's, 1000. 

Each daughter's, 600. 

y 16. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together: how many of each sort in the company? 

Ans. 44 men, 30 >vomci\^ \Q^ A\M\<sou 



J 
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16. A father divides $2000 among five sons, so tliat each 
elder should receive |40 more than his next younger bro- 
ther : what is the share of the youngest? Axi8. $320. 

17. A purse of #2850 is to be divided among three per- 
sons, A^ B^ and (7. A?s share is to be to IPs as 6 to 11, 
and (7 is to have $300 more than A and B together : what 
is each one's share? -4'«, $460 ; B's^ $825 ; (?«, $1575. 

18. Two pedestrians start from the same point and travel 
in the same direction; the fii'st steps twice as £ir as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certain time they are 800 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how far will each have traveled ? 

Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? An^. 9 days. 

20. A capitalist receives .a yearly income of $2940 ; four- 
fifths of his money bears an interest of 4 per cent., and the 
remainder of 5 per cent. : how much has he at interest ? 

Ans. $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in three: 
in what time will the cistern be emptied if they all run to- 
gether ? Ans, 32 j\- min. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

23. A farmer being asked bo^ many sheep he had. 
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insirered, that he had them in five fields ; in the 1st he had 
h in the 2d, |, in the 3d, |, and in the 4th, VWi ^<1 ui the 
5th, 450: how many had he ? Ans. 1200. 

24. My horse and saddle together are worth ^132, and 

the horse is worth ten times as much as the saddle : wh:\t \y 
is the value of the horse ? Ans. tti20. 

25. The rent of an estate is this year 8 per cent^ greater 
than it was last. This year it is #1890 : what was it last ' 
year? Ans. #1750. 

26. What nnmber is that, from which if 5 be subtracted, . 
f of the remainder will be 40 ? Ans. 65. 

27. A post IS J in the mnd, | in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans. 24 feet. 

28. After paying J and ^ of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money cnougli in his ^ 
pocket by 8 pence ; he therefore gave them each 2 pcuoo 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 1 1 . 

30. A person, in play, lost J of his money, and then won 

3 shillings; after which he lost ^ of what ho then had ; an<l ^ 
this done, found that he had but 12 shillings remaining: 
i^hat had he at firat ? A7i8. 208. 

31. Two persons, A and i?, lay out equal sums of money 

m trade; A gains $126, and i? loses $87, and A^s money is • 
then double ofl^s : what did each lay out? Ans. $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he 8i)cnd8 2 Hhillings: he then 
borrows as much money as he had left, and going to another 
iiavem, he there 8j)ends 2 shilUngs also; then borrowing 
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again as much money as was left» he went to a third tarenii 
where likewise he spent 2 shillings, and borrowed as much 

V as he had left : and again spending 2 shillings at a fourth 
tavern, he then had nothing remsdning. What had he at 
first? Ans. d«. 9d 

33. A tailor cut 19 yards from each of three equal piecci 
of cloth, and 17 yards from another of the same length, 

y/ and found that the four remnants were together equal to 
142 yards. How many yards in each piece? Ans. 64. 

34. A fortress is garrisoned by 2600 men, consisting of 
f infentry, artillery, and cavalry. Now, there are nine timfls 

\/ as many infantry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each corps? 
Ana, 200 cavalry; 600 artillery ; 1800 infantry* 

35. All the joumcyings of an individual amounted to 2970 
miles. Of these he traveled 3i times as many by water as 

^ on horseback, and 2 J times as many on foot as by water. 
How many miles did he travel in each way ? 

Ana. 240 miles; 840 m. ; 1890 m. 

36. A sum of money was divided between two persons, 

V A and B, A^s share was to B*8 in the proportion of 6 to 3, 
and exceeded five-ninths of the entire sum by 60. What 
was the share of each? A^is, A's share, 450; -B**, 270. 

37. Divide a number a into three such parts that the 
second shall be n times the first, and the third m times aa 
great as the first. 

^ «!i ^w« -, tna 

^^ irT-z.-rzl 23, —-——; 3d, 



1 + m + n' '1+m + n' ^ i + m + n 

38. A father directs that $1170 shall be divided among 

y his tliroe sons, in proportion to their ages. The oldest it 

twice as old as the youngest, and the second is one-third 

older "Jiaii the youngest. How much was each to receive ? 

wljis. #270, youngest*, i^^SC^O^-^viviow^^ ^b\^^v\^vss\.. 



n/ 
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80. Three regiLients are to furnish 504 men, and each to 
famish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

Ana. 1st, 144 men ; 2d, 240 ; dd, 210. 

40. Five heirs, -4, J5, (7, i>, and JS^ are to divide an inher- 
itance of $6600. J5 is to receive twice as much as Ay and 
1200 more ; C three times as much as A^ less $400 ; D the 
half of what B and G receive together, and 160 more ; and 
JS the fourth part of what the four others get, plus $476. 
How much did each receive ? 

A% $500; B*s, 1200; C% 1100; D'a, 1300; E% 1500. 

» 41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths full. The 
third being filled fi-om the second, leaves it one-fourth full, 
and when the thiid is emptied into the fourth, it is found to ^' 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 16 quarts remaining. How many 
gallons docs each hold ? 

Ana. 1st, 36 gal. ; 2d, 15 gal. ; 3d, 11 J gaL ; 4th, 20 gal. 

42. A courier having started from a place, is pursued by 

a second after the lapse of 10 days. The first travels 4 / 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ana. 8. 

43. A courier goes 31^ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22\ miles every three hours. How many 
hours before he will overtake the first ? Ana. 42. 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of Z\ 
miles per hour. Eight hovrs after, a ^^tsqu dQ.^^t<& ^vqvql 

6* 



130 BLBMENTABY ALGEBBA. 

the second place, and travels at the rate of 5| miles per hour 
How long before they will be together? 

Ana. 6 howm, 

EQUATIONS CONTAINING TWO UNKNOWN QUANTmES, 

110. If we have a single equation, as, 

2a; + 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

« = 2^^ 0-) 

Now, if the value of y is unknown, that of x will also b^ 
unknown. Hence, from a single equation, contaming two 
unknown quantities, the value of x cannot be determined. 

If we have a second equation, as, 

6a; + 4y = 35, 
we may, as before, find the value of as in terms of y, giving, 

. = ^^ (2.) 

Now, if the values of x and y are the same in Equations 
(1) and (2), the second members may be placed equal to 
each other, giving, 

21-3y^35-4y ^^ 105 _ 15y = 70 - 8y; 
2 5 

from which we find, y = 5. 

110. In one equation containing two unknown quantities, can you find 
ilio value of cither ? If you have a second equation involving the sanie 
two unknown quantities, can you ftnd their values ? YiThat arc suob cqua- 
ii'ons called f 
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Sabtitating this value for y in Equations ( 1 ) or ( 2), we 
fiad a; = 3. Sach equations are called SimiUtaneotis 
equations. Hence, 

111. SonjLTANEQus EQUATIONS are those in which the 
values of the unknown quantity are the same in both. 

ELmiNATION. 

113. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
Uierefrom a single equation, containing but one. 

There are three principal methods of elimination : 

1st. By addition or subtraction. 

2d. By substitution. 

3d. By comparison. 
We shall consider these methods separately. 

ElimincUion by Addition or Subtraction. 
1. Take the two equations, 

3a; — 2y = 7, 
8a5 + 2y = 48. 

If we add these two equations, member to member, we 
obtain, 

lljB = 55; 

which gives, by dividing by 11, 

05 = 6; 

and substituting this value in either of the given equations, 
we find, 

y = 4> 

111. What are simultaneous equations? 

112. What is elimination? How many methods of elimination are 
there? What ore thr^y ? 
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2. Ag^, take the equations, 

&B + 2y = 48, 
3a; + 2y = 23. 

If wo sabtract the 2d equation from the 1st, we ODtaioi 

5aj = 25; 

which gives, by dividing by 5, 

2 = 5; 

and by substituting this value, we find, 

y = 4. 

3. Given the sum of two numbers equal to «, and thdi 
difiference equal to c2^ to find the numbers. 

Let X = the greater, and y the less number. 

Then, by the conditions, ss + y = «. 

and, 35 — y=4 

By adding (Art. 102, Ax. l)y ..... 2x = s + i 
By subtracting (Art. 102, Ax. 2), . . . 2y = « — 4 

Each of these equations contains but one unknown quantity. 
From the first, we obtain, ...... x = ?-IlLr ^ 

and from the second, • y = ? ""■.,. 

These arc the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For eaofa 
day that ho labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when thi • 
Ial)orcr received 604 cents. Required the number of woik* 
mg days, and the number of days he was idle. 
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Lei = the nmnber of working dayi^ 

y = the nmnber of idle days. 

Then, 24x = what he earned, 

and, 12y = what he paid for his board. 

Then, by the conditions of the question, we have, 

x+ y = 48, 
and, 2ix — 12y = 504. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 8), that the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of a; in the 
second ; wo shall, then have, 

24aj + 24y = 1152 
24aj - 12y = 504 

and by subtracting, 36y = 648 

648 
••• y = ^ = ^^- 

Substituting this value of y in the equation, 

24aj — 12y = 504, we have, 24aj — 216 = 604; 

which gives, 

Y20 
24» m 604 + 216 = 720, and a = -^ = 30. 

VERIPICATIUI?. 

X + y = 48 gives 30 + 18 = 48, 

240 — 12y = 604 gives 24 x 30 - 12 X 18 = 604. 



134 
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113. In a similar mannor, cither unknown quantity maj 
be eliminated from either equation ; hence, the following 



BULE. 



I. Prepare the equatiojis so that t/ie coefficients of the 
quantity/ to be eliminated shall be numericaUy equal: 

n. If the signs are unlike^ add the equations^ member 
to member; if alike^ subtract them^ member from member. 



EXAMFLES. 



Find the values of x and y, by addition or subtraction, 
in the following simultaneous equations : 



( y + 2x = IS 

Q {4x-1y = -22) 
■ ( 5aj + 2y = 31 ) 

^ ( 2a! + 6y = 42 ) 
* ( 8aj — 6y = 3 ) 

g J 8« - 9y = 1 ) 
( 6a; — 3y = 4a; ) 

g j 14a; - 15y = 12 ) 
' ( 1x+ 8y = 37 f 



Ans. 85 = 2, y = 3. y' 

Ans. 85 = 6, y = 6. / 
Ans. a; = 44^ y = 5^. ' 

Ans. a; = I, y = ^. / 

Ans. 85 = 3, y = 2, t 



10. 



3^ + 2^ = 6i 



Ans. 



a; = 6, y = 9, '^ 




Ans. < a; = 14, y = 16. 



'J 



lis. What is the rule fo: cUmiualloTi \iy a^O\t'-au w '«3b\.t^<^^lQiLt 
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12. Sajrs A to J, you give me $40 of jour money, and 
I shall then have five times as much as you will have left. 
Now they both had $120 : how much had each? 

Ans. Each had $60. 

13. A father says to his son, " twenty years ago, my age 
was four times yours ; now it is just double : " what were 
their ages? . j Father's, 60 years. 

* ( Son's, 30 years. 

14. A fether divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equaL After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
JQSt double the elder : what had each from the father ? 

. j Elder, $4000. 
^^^' ( Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number; but if Charles give 15 to John, John Avill 
have 15 times as many, wanting 10, as Charles will have left. 
How many has each ? a \ John, 50. 

^^' ( Charles, 20. 

16. Two clerks, A and ^, have salaries which are together 
equal to $900. A spends yV per year of what he receives, 
and JB adds as much to his as A spends. At the end of the 
year they have equal sums: what was the salary of each? 

j A's = $500. 
( i?'5 = $400. 

Elimination by Substitution, 

114. Let us again take the equations, 

bx+ly ^ 43, (1.) 

lla + 9y = 69. (2.) 

134. Giro the rule fdr climinatiou by subsUlutiow. N^XiCViNa ^\&\ass>^^^ 
used to the greatest advantogo ? 



Ans, 
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find the value of sb in the first equation, which givei^ 

5 

Substitute this value of a; in the second equation, and wc 

liave, 

43 — Vv 
11 X g— ^ + 9y = 69; 

or, 473 - 17f/ + 45y = 345 ; » 

or, — 32y = — 128. 

Here, x has been eliminated by substitution. 

In a ramilar manner, we can eliminate any unknown quan* 
tity ; hence, the 

BULB. 

I. Find from either equation t/ie value of the urihwicn 
quantity to be eliminated: 

n. Substitute this value for that quantity in the other 
equation. 

NoTB.— This method of elimination is used to great advan- 
tage when the coefficient of either of the unknown quantities 
isl. 

BXAMPLBS. 

Find, by the last method, the values of a; and y in the 
following equations : 

1. 8aj — y = 1, and 3y — 2a; = 4. 

Ans. a? = 1, y =: 2. 

2. 5y — 4aj = — 22, and 3y + 4a5 = 38. 

Ans. a: = 8, y = 2. 

8. 05 + 8y = 18, and y — 3a5 = — 29. 

Ana. as = 10, y =? L 



f 



KLIMINATION. 137 

2 

4. to - y = 13, and 805 + -y = 29. 

. Ana. JB = 3^, y = 4)^ 

5. icte ^ I = 69, and lOy - ? = 49. 

5 7 

^n*. a; = 7, y = 6. 

6. SB + -a; — ^ = 10, and ? + -^ = 2. 
• ^ 2 5 ' 8 10 

.4n5. SB = 8, y = 10. 

-4n^. SB = 15, y = 14. 

8. 1 + 1 + 3 = 6i, and f - f = ^- 

^n«. SB = 3^, y = 4. 

9. ?^ - - + 6 = 6, and — — Ji = 0. 

8 4^ ' 12 16 

Ans. SB = 12, y = 16. 

Alls. SB = 6, y = 7. 

1 1. Two misers, ^ and jB, sit dowTi to count over their 
money. They both have $20000, and JB has three times as 
much as A : how much has each ? , a Ae/^/^/^ 

^''''- ]i?, $15000. 

12. A person has two purses. If he puts $7 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is worth five 
thnes as much as the first : what is the value of each purse ? 

Ans. lat^$2) 2d^$3, 
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13. Two nambcrs have the following properties: if the 
first be inulti])licd by 6, the product will be equal to the 
second multiplied by 5 ; and - 1 subtracted firom the firsi 
leaves the same remainder as 2 subtracted firom the second : 
what arc the numbers ? Ana. 5 and 6. 

14. Find two numbers with the following properties : the 
fiist increased by 2 is 3^ times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first : what are the numbers? Ans, 24 and 8. 

15. A fiither says to his son, "twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express my age twelve years 
hence : " what were their ages ? 

J ( Father, 72 years. 
^'^' I Son, 30 " 

Elimination by Comparison. 

115. Take the same equations, 

bx + *Jy z= 43 
llaj + 9y = 69. 

Finding the value of x from the first equation, we hayOi 
43 - 1y 

and finding the value of x fr*om the second, we obtain, 

69 — 9y 

<" = —Ti' 

2154 Ojto ibo rule for cliuiinatioii by comi^Himon. 
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*~ lict these two values of a; be placed equal to each other, 
^d we have, 

43 — 7y _ 69 — 9y 
6 ~ 11 * 

I Or, 473 — 11y = 345 — 45y; 
f or, — 32y = — 128. 
Ucnce, y = 4. 

69 — 30 



And, X = 



11 



This method of elunination is called the method by com-^ 
parisoTij for which we have the following 



BULE. 



L Findy from each equation^ t/ie value of t/ie same 
unhnovm quantity to he eliminated: 

n. Place these values equal to each other. 

EXAMPLES. 

Find, by the last rule, the values of x and y, from the 
following equations, 

1. 3aj + I + 6 = 42, and y - ~ = HJ- 



2. |-| + 6 = 6, and | + 4 = ^ + 6 



V X 22 
8. ^ - 4 ^• -§■ = 1> ^^ Sy-x = 6. 



i. y - 8 = ^as f 5, and ^^ = y - SJ. 



An^. X = 11, y = 16. 

X 

+ 4 = - + 6. 

A71S. a; = 28, y = 20. 

/ — JB = 6. 

Ans. aj = 9, y = 5. 

-4?w. as = 2, y = 9 



] 



8. 2y + 3a; = y + 43, j/ — = y — - 
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»• S^ + f = "-'' *°^ f + f = «-18. 

.4fM. ae = 16, y = » 

Ans. 35 = 10, y = 6 

Ana. 9S = 1, y = €• 

ag — 4 _ __« 
3 "" ^ 6* 
^7W. OS = 10, y = 13. 

9. 4y — ^ 7 ^ = a + 18, and 27 — y = a; + y + 4. 

2 

^n*. a = 9, y = 7. 

Ans. 05 = 10, y = 20. 

116« Having explained the principal methods of elimina- 
tion, we sliall add a few examples wliich may be solved by 
any one of them ; and often indeed, it may bo advantageous 
to employ them all, even in the same example. 

GENERAL EXAMPLES. 

Find the values of x and y in the following sLmultaneoiui 
equations : 

1. 205 + 3y = 16, and 3a; — 2y = 11. 

Ans. 05 = 5, y = 2. 



BLIXIHATIOX. 



lil 



5^4 20» 4 ^ 6 120 



Ans.x = -^, y = -• 

9. I + 7y = »», and | + Yas = 61. 

Ans. P! = 7, y = 14. 



6* ^ 



* - ly + y = 61 



g- y 

2 



+ 7a; = 41 



Ans. 05 = 60, y = 40. 
as = 6. 



6. K 



' ?_r-y . ?_+y 

~1~ + "T" 



2^ 
Lia5-y + 4Jy = 121 J 



8. 



3y-a 2a; -y 

eaj - y + ^-^^ = 43i 



"335 — B V — 6 

—4- + ^4"^ + y = i8tV 



6-y 



= 79 






-47W. 



^7l«. 



-4na. 



Ans. 



Ans. 



y = 8. 

a; = 6. 

Ly = 3. 
a; = 9. 

y = 8. 

a; = 10. 
y= 12. 

a; = 6. 
y=^5. 



■X 
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e + ab — ld 

X = 

Ans, 



ax — by =■ c 
a—y+x= d 



V = 



a-b 
a* + e — ad 



a-b 



(13aj + 7y-341 = 7iy+43ia!) («=-»* 

"I 2x+iy = l J ^"'•ly=60. 

12 i («+5) (y+») = («+!) (y-9)+112)(«= A 
"• 1 2X+10 = 3y+l f^*^'ty=A j 

be i 




Ana. 



ae 
a + 6* 



^n«. ^ 






a 



15. •{ 



16. 



17. 



Ana. 



6 + y 3a + P5 
oas + 2Jy = d 

hex = cy — ib 



.. , a{c^- ft') 2»3 



' . , (85-2/)jn 

8« + 6y = f,2_fi'^ 



aj = 



y = 



y- ag-bf' 

2y— 6a« + <y 

8a 
8a» - J» + d 

ift 



-4n«. - 



a 



y= 



a + 2ft 



uln». 



»/ 
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PROBLEaiS. 
1. What fraction is that, to the numerator of which if 1 

ha added, the value will be - , but if 1 be added to its 

^ 1 
denominator, the value will be j ? 

4 

SB 

Let the fraction be denoted by - • 
Then, by the conditions, 

a; + 1 1 1 « 1 

— - — = - , ana, = - • 

y ^' ' y^\ 4 
whence, Sas +'3 = y, and 4a = y +1. 
Therefore, by subtracting, 

a — 3 = 1, and as = 4. 
Hence, 12 + 3 = y; 

.'. y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold tliem all together, at the rate of 5 for 2e^, found 
that she had lost 4e?: how many of both kinds did she buy ? 

Let 2aj denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, -aj = the cost of the first sort, 
and, rflj = the cost of the second sort. 

o 

But, by the conditions of the question, 

4a; 
5 : 2a; : : 2 : -- ; 
5 

4a; 
hence, —- will denote the amount for which the eggp 

were sold. 
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Bat, by the conditions, 

therefore, I6x + l(te — 24as = 120; 

. *. X = 120 ; the nnmber of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he received a certain hitercst; but he owed the auin 
of 20,000 dollars, for which he p:ud a certain annual iutercBt. 
The uitcrcst that he received exceeded that which he paid 
by 800 dollars. Another person possessed B5,000 dollars, fiur 
which he received interest at the second of the above rates; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest 

Let X denote the number of units in the first rate of 
interest, and y the unit in the second rate. Then each may 
be regarded as denoting the interest on $100 for 1 year. 

To obtain the interest of $30,000 at the first rate, denoted 
by a?, we form the proportion, 

80,00035 
100 : 30,000 :: X : ' , or 300a. 

And for the interest of $20,000, the rate being y, 

100 : 20,000 : : 2/ : ^^^^^, or 20()y. 

But, by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a; — 200y = 800 
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By oxpressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

350y — 24005 = 310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we have, 

3a; — 2y = 8, 35y — 24a; = 31. 

- To eliminate a;, multiply the first equation by 8, and then 
add the result to the second ; there results, 

19y = 95, whence, y = 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

3a; — 10 = 8, whence, a; = 6. 

TTierefore, the first rate is G per cent, and the second 5. 

VERIFICATION. 

$30,000, at 6 per cent, gives 30,000 X .00 = $1800. 
#20,000, 5 « " 20,000 X .05 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difference is 7, 
and sum 33 ? Ans, 13 and 20. 

5. Divide the number 75 into two such parts, that three 
imes the greater may exceed seven times the less by 15. 

A71S. 54 and 21. 

C. In a miictm'e of wine and cider, 1 of the whole plus 25 
gkhUond was wine, and ^ part minus 5 gallons was cider : how 
many gallons were there of each ? 

A?is. 85 of wine, and 35 of cider. 



/ 
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7. A bill of £120' was paid in guineas and moidores, and 
the nuinbor of pieces used, of both sorts, was just 100. If y 
tlie guinea be estimated at 21«, and the moidore at 27«, how V' 
many pieces were there of each sort ? Ans, 60, 

8. Two travelers set out at the same time frqm London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 1 : in what time wiD ^ 
they meet ? Ans. In 10 daySi 

9. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how ' 
many voted for each ? 

A718. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; \ 
but if it bo put on the back of the second, it makes thdr 
joint value triple tliat of the first : what is the value of each 
horse? Ans, One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- ^ 
gether at 12 o'clock : when will they be again together? ' 

Ans. Ih. B^rxi* 

12. A man and Ids wife usually drank out a cask of beer 
in 12 days ; but when the man w^as from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it ? Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, how 
much fi-esh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Ans. 224 lbs. 

14. A person who possessed 100,000 dollars, plaoed the 
ater j)art of it out at 5 \)cr cent interest, and tlio ofJier 
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»t 4 per cent. The interest which he received for the whole, 
Amounted to 4C40 dollars. Required the two parts. 

Ans. $04,000 and §30,000. 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes of 
the unsuccessful candidate been also given to him, ho would 
have received three times as many as his competitor, want- 
ing three thousand five himdred : how many votes did each 
receive? . ( 1st, 0500. 

( 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chsdn worth $25. When he put the chain on the gold watch* 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
ail-ver watch, they became worth one-half the gold watch 
and 16 dollars over : what was the value of each watch ? 

, j Gold watch, ??80. 
^''*- (SUvcr « 630. 

17. There is a cert'un number expressed by two figures, 
"^^liich figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second: what is the number? A?is, 50. 

18. Prom a company of ladies and gentlemen 15 ladies 
Retire; there are then left two gentlemen to each lady. 
-^fter which 45 gentlemen depart, when there are left 5 
'^ics to each gentleman : how many were there of each at 
*«^t ? A \^^ gentlemen. 

( 40 ladies. 

1 0. A person wishes to dispose of his horse by lottery. 
*^ he sells the tickets at |2 each, he will lose §30 on his 
^^rsc; but if he sells ihom at |3 eael\, \\o \\\\\ \^cvi\N^%M»^ 



1 
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more than bis horse cost him. What is the value of the 
horse, and number of tickets ? , ( Horse, $160. 

" lNo.ofticke^CO. 

20. A person purchases a lot ol wheat at $1, and a lot of 
rye at V5 cents per bushel ; the whole costing him |117.60. ■ 
He then sells ^ of his wheat and ^ of his rye at the same rate, 
and realizes $27.50. How much did ho buy of each? 

- (80 bush, of wheat 
\ 60 bush, of rye. 

21. There are 52 pieces of money in each of two bags. A 
takes from one, and i? from the other. A takes twice as 
much as i? left, and i? takes 1 times as much as A left. 
How much did each take ? . ( -4, 48 pieces. 

( j5, 28 pieces. 

22. Two persons, A and ^, purchase a house together, 
wortli $1200. Says A to i?, give me two-thirds of your 
money and I can purchase it alone ; but, says i? to -4, if ^ 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Ans. -4, IBOO ; JB, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 78«. per 
dozen ; but if he mixes them in the proportion of 1 to 2, he 
can get 19s. a dozen. What is the price of each liquor per 
dozen ? Ans. Sheny, Sis. ; brandy, *!2s. 

Equations containing; three or more unknown gttaniities. 

11 7. Let us noTi' consider equations involving three or 
more unknoT\Ti quantities. 
Take the group of simultaneous equations, 

j]7. Give the rule for solv'mg aT\7 gioup oC auvmltancous equatioiuf 



EXAMPLES. 


1' 


6aj — 6y + 4s = 15, 
1x + 41/ — 3z = 19, 
2x + y + 6z = 4Q. 


• . (2.) 
. • (3.) 
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To eliminate z by means of the first two equations, multi- 
ply the fii'st by 8, and the second by 4 ; tlien, since the 
coefficients of z have contraiy signs, add the two results 
together. This gives a new equation : 

4305 - 2y = 121 (4.) 

Multiplying the second equation by 2 (a factor of the 
coefficient of s in the third equation), and adding the result 
to the third equation, we have, 

16aj + 9y = 84 (5.) 

The question is then reduced to finding the values of x 
and y, which wiU satisfy the new Equations (4) and (5). 

Now, if the fii-st be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a5 = 1257; whence, a; = 3. 

We might, by means of Equations ( 4 ) and ( 5 ) deter- 
mine y in the same way that we have detennined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of a; in Equation ( 5 ) ; thus, 

^o . « «. 84 - 48 , 
48 + 9y = 84. .-. y = = 4. 

In the same manner, the first of the thi-ee given equations 
becomes, by substituting the values of x and y, 

24 
15 — 24 + 4g = 15. .-. s = -- = 6. 

4 

In the same way, any group of sunultaneous equations 
may be solved Hence, the 
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BULE. 

1. Combine one equation of the group toith each of ik 
ot/iers^ by elimhiating one unknown quantity/ there vnU 
result a new group containing one equation less iihanx tla 
original group : 

n. Combi?ie one equation of this new group toith each 
of the others^ by eliminating a second unknovm quantity; 
there will result a new group co7itaining two equations less 
than the origi7ial group : 

in. Continue the operation until a single equation m 
founds containing but one unknown quantity : 

IV. Find the value of this unknown quantity by thA 
preceding rules ; substitute this in one of the group of 
two equations^ and find t/ie value of a second unknown 
quantity ; substitute these in either of the group of three^ 
finding a third unknown quantity ; and so on^ tiU the 
values of all are found, 

Notes. — 1. In order tliat the value of the unknown quan- 
tities may be determined, there must be just as many inde- 
pendent equations of condition as there are xmknown quanr 
tities. If there are fewer equations than unknoAvn quantities, 
the resulting equation will contain at least two imknoMii 
quantities, and hence, their values cannot be found (Ai-t. 1 1 0). 
If there are more equations than unknown quantities, the 
conditions maybe contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unkno^vn quantit\es. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
ties: 

2x — Sy + 2z = 13. (1.) 4y + 2z = 14. (3.) 

4w — 2x == 30. (2.) 5y + 3w = 32. (4.) 



] 
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By inspecting these cqnations, we see that the elimination 
of 2 in the two Equations, ( 1 ) and (3 ), will give an equa- 
tion involving x and y; and if we eliminate u in Equa- 
tions (2) and (4), we shall obtain a second equation, in- 
volving X and y. These last two unknown quantities may 
therefore be easily determined. In the first place, tlio 
elimination of z from (1 ) and (3) gives, 

7y — 2a; = 1 ; 

That of u from (2) and (4) gives, 

20y + 6x =z 38. 

Multiplying the first of these equations by 3, and adding, 

41y = 41; 
Whence, y = 1. 

Substituting this value in 7y — 2a5 = 1, we find, 

SB = 3. 
Substitutmg for x its value in Equation (2 ), it becomeb 

4« — 6 = 30. 
Whence, w = 9. 

And substituting for y its value in Equation (3), there 
results, 

2 = 6. 

EXAMPLES. 

X + y -h 2 = 29 ' 

1, Given -^ - > to find sb, y, and z. 

-X A — V H — z = 10 
2 3^ 4 

Ans. X = 8, y = 9, 2 = 12. 
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(235 + 4y - 32 = 22 1 j 

4a; — 2y + 53 = 18 I to find sb, y, and 4 J 
6a; + 7y - z = 03 J 

Ans, a; = 3, y =i *jj s=4, 



x + ~y + -z = 32 
3. Given J Ifl. + ^y + Ig = 15 

l^ + ly + l^^ 12 



- to find a;, y, and & y 



A?is. a; r= 12, y = 20, s = 30. 



a; + y + 2 = 29J ^ 
4. Given -^ a; + y — s = 18J > to find a;, y, and z. 
a; - y + 2 = 13J J 

^??^. a; = 16, y = 7J, z = 5\ 



6. Giv 



r 3a; + 5y = 101 ^ 
rcn i 1x + 2z = 209 > to find a;, y, 
I 2y + 2 = 89 J 



, and 2. \ 

-4n5. a; = 17, y = 22, z = 4:5. 



6. Given ^ 



r 1 1 

- + - = a 

X y 

X z 

1 J 1 

y 2 



to find a;, y, and 2. 



a; = 



a + b — c' ^-^ a -l- c - b' 



2 = 



5+c — a 



Note. — ^In this example we should not proceed to dear 
tlie equation of fractions; but subtract immediately the 
second equation from the first, and then add the tliird : wo 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducmg a new 
unknown quantity. 

Let a, y, 2, and u^ denote the required parts, and desig- 
nate by m the several equal quantities which anse from the 
conditions. We shall then have, 

u 
as + 2 = m, y — 2 = 771, 2z = m^ - z= m. 



From which we find, 



2 



aj = m — 2, y = m + 2, 2 = --, u = 2m. 



And, by adding the equations, 



2 



m 



X + y + z + u = m + 771 + — + 2m = 4J-m. 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

4^m = 90, or fm = 90; 

hence, m = 20. 

Ilaving the value of m, we easily find the other values ; 
viz.: 

a; = 18, y = 22, 2 = 10, u = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 7 oimces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contams 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of silver, 7 ounces of copper, and 5 of pewter. It is required 
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to find how mucli it will take of each of the three ingots to 
form a fourth, which shall coutain in a pound, 8 ounces of 
silver, 3 J of copper, and 4 J of pewter. 

Let Xy y, and 2, denote the number of ounces which it 

is necessary to take from the three ingots respectively, in 

order to form a poxmd of the required ingot. Since there 

are 7 ounces of silver in a pound, or 16 ounces, of tho first 

ingot, it follows that one ounce of it contains ^ of an ounce 

of silver, and, consequently, in a number of ounces denoted 

*Ix 
by SB, there is -- ounces of silver. In the same manner, 

wo find that, — ^ , and — , denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
of silver. We have, then, for the first equation, 

7a 12y 4g __ 
16 "^ 16 16 "" ' 

or, dealing fractions, 

1x + 12y + 42 = 128. 

As respects the copper, we should find, 

3» + 3y + 73 = 60 ; 

and with reference to the pewter, 

6aj + y + 52 = 68. 

As the coefficients of y in these three equations ar^' the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have, 

5x + 242 =x 112. 
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Multiplying tho third equation by 3, and subtracting tho 
second from the resulting equation, we have, 

15» + 82 = 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, 

40» = 320; 
whence, aj = 8. 

Substitute this value for x in the equation, 

1535 + 8s = 144; 
it becomes, 120 + 83 = 144, 

whence, 2 = 3. 

Lastly, the two values, sc = 8, s = 3, being substituted 
in the equation, 

6x + y + 5z = 68, 
give, 48 + y + 15 = 68, 

whence, y = 6. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 oxmces of the first, 5 ounces of the second, 
and 3 of the third. 

VERIFICATION. 

If there be 7 ounces of silver in 16 oxmces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

'^ X 8 

16 
In like manner, 

12 X 5 ,4x3 

__, and -^, 

will express the quantity of silver contained in 5 ounces of 
the second ingot, and 3 ounces of the third. 
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Now, we have, 

7 X 8 12 X 5 4x3 128 

IG ^ IG IG 16 * 

therefore, a pound of the fourth iugot contains 8 ounces of 
silver, as required Ly the enunciation. The same conditio] 
may be verified with respect to the copper and pewter. 

3. A's age is double -Z?'s, and 7?'5 is triple of (7'5, and th^ 
sum of all tlieir ages is 140 : wliat is the age of each? 

A71S. A's = 84 ; JB's = 42 ; and O's = 14. 

4. A person bought a cliaisc, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the cost of the horse and harness : vvliat did V 
he give for each? ( £13 Gs. Scl for the horse. 

Arts, < £G 135. 4c?. for the Iiamess. 
( £40 for the chaise. 

5. Divide the number 36 into three such parts that i of 
the first, i of the second, and J- of the third, may be all i 
equal to each other. A7is. 8, 12, and 16. 

Q, If A and J3 together cm do a piece of work in 8 days, 
A and C together in 9 days, and J3 and C in ten days, how 
many days would it take each to perform the same work ^ 
alone? A/is. Ay 14fJ-; i?, l^H; G, 28^j. 

7. Three persons, Ay By and (7, begin to play together, 
having among them all §600. At the end of the first game 
A has won one-half of B^s money, which, added to his own, 
makes double the amount JB had at first. In the second v 
game, A loses and JB wins just as much as C had at the be- 
ginning, wlien A leaves off witli exactly what he had at first: 
how much had each at the bcGcinnins:? 

Ans, Ay $300 ; J?, $200 ; G $100. 

8. Thi-ee persons. Ay By and (7, together possess $3640. 



PEOBLEMS. 157 

IS B gives A 1400 of his money, then A will have $320 
more than B\ but if B takes $140 of C^s money, then B 
and G will have equal sums : how much has each ? U* 

Ans. u4, $800; i?, $1280; (7, $1500. 

9. Three pereons have a bill to pay, which neither alone 
is able to discharge. A says to i?, " Give me the 4th of • 
your money, and then I can pay the bill." B says to (7, 
"Give me the 8th of yours, and I can pay it." But C says 

to A^ " You must give me the half of yours before I can | 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

. J Amount of the bill, $13. 
^^*^- ( yl had $10, and J? $12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A third person, who possessed \ 
150IDO dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Requu-ed, the capitals of the three per- 
sons, and the rates of interest. 

. J Sums at interest, $30000, $40000, $45000. 
* ( Rates of interest, 4 * 5 G pr. ct. 

11. A widow receives an estate of $15000 from licr de- 
ceased husband, with directions to divide it amorig two sons 
and three daughters, so that each son may receive twice as y 
much as each daughter, and she herself to receive $1000 
more than all the children together : wliat was her share, 
and what the share of each child ? 

C The widow's share, $8000 

Ans, \ Each son's, $2000 

( Each daughter's, $1000 



sj 
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12. A certain sum of money is to be divided between 
three peraons, Ay i?, and C. -4 is to receive $3000 lea? 
than Lalf of it, i? llOOO less than one-thu'd part, and C to 
receive $800 more than the fourth part of the whole : what 
b the sum to be divided, and what does each receive ? 

iSum, $38400. 

A receives $16200. 
^ " $11800. 
G " $10400. 

13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and thu*d ; if it be put on the back 
of the third, it wiR make liis value triple that of the first 
and second : what is the value of each horse ? 

Ans. 1st, $20 ; 2d, $100 ; 3d, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 

I every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gether. But after an engagement, in which the slain were' 
one-fourth of the survivors, there wanted 6 men to make 
13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Afis. 90 guns, 55 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
j equally between them. In order to do this, -4, who has the 

most, gives to i? and C as much as they have already ; then 
J^ divides with A and in the same manner, that is, by 
giving to each as much as he had after A had divided wilJi 
them • C then makes a division with A and J5, when it is 
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(blind that they aL have equal sui^s : how m.ich had each 
^t first? Ans. 1st, $52 ; 2d, $28 ; 3d, |16. 

/1 6. Divide the number a into three such parts, that the 
first shall be to the second bs mtorij and the second to the ^ 
third as pto q. 

amp anp __ a7iq 

"" mp+np+nq^ ^ "" mp+np+nq^ "" mp'{-np-{-nq 

17. Three masons, -4, ^, and (7, are to build a wall. A 
and B together can do it in 12 days ; i? and (7 in 20 days ; \/ 
and A and (7 in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work together ? 

An9. Aj in 20 days; i?, in 30 ; and d, m 60 ; all, in 10. 
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CHAPTER VI. 
FOllMATION OP rOWEB8 

118. A Power of a quantity is the product obtained by 
taking that quantity any number of times as a fiictor. 

If the quantity be taken once as a fiictor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, tlie third power; if 71 times, the w'* power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 
thus, 

a = a^ denotes first power of a.* 

square, or 2d power of a, 
cube, or third power of a 
fourth power of a, 
fifth power of a, 
m'* power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a factor, and wliich is 
called the first power, 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the eocponent of the 

* Since a® = 1 (Art. 49), «• X a = 1 x a = a' ; so that the two 
factors of a^, are 1 and a. 

118. What is a power of a quantity? What is the power when the 
■quantity is taken once as a factor ? "When taken twice ? Three times f 
n times? How is a power indicated ? In every power, how many things 
are considered ? Name them. 



axa = a^ 


(( 


axaxa = d? 


(( 


axaxaxa = a* 


C( 


axaxaxaxa = a' 


cc 


axaxaxa — = a"» 


u 
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power, and shows how niany tunes the letter enters as a 
fiictor. 

3d. The power itself, which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS. 

1 to. Let it be required to raise the monomial 2a^b^ to 
the fourth power. We have, 

(2a^b^Y = 2aW x la^lP' X Id?!)^ X 2d?h\ 

wliich merely expresses that the fourth power is equal to 
the product wliich arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

(2a3^2)4 — 2^a3 + 3 + 3 + 352 + 2 + 2 + 2 _ 24a"5«; 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we have, 
for the raising of monomials to any power, the following 

RULE. 

I. Raise the coefficient to the required power : 

n. Multiply/ t/ie expone)it of each letter by the exponent 
of the power. 

EXAMPLES. 

1. What is the square of Za^y^ ? Ans. 9a*y* 

119. What is the rule for raising a monomial to any power ? When 
tbo monomial is positive, what will be the sign of its powers ? When 
negative, what powrrs will be plus ? what minus ? 
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2. What is the cube of Qahfx^ Arts. 216aiya^. 

3. What is the fourth power of 2ay6* ? KSa^hf^V^. 

4. What is the square of a^h^y^ ? Arts. a*5' y. 

5. What is the seventh power of a^bcd^? 

Am. a>'lPc\P^ 

6. What is the sixth power of aWc^d'i 

Ans. a'^'^c'^'d*. 

. 7. Wliat is the square and cube of — 2a^b'^? 

Square. Cube. 

— 2^252 _ 2a2ft2 

— 2a'^b^ - 2a^b^ 



+ Aa'b*. + 4a*5* 

- 2a2ft2 



— 8a^b\ 



By observing tlie way m whicli the powers are foi-mod, 
we may conclude, 

1st. When the monomial is positive^ all the powers wiU 
be positive. 

2d. When the monomial is negative^ aU even powers will 
bex>ositive^ a7id all odd will be negative, 

8. What is the square of - 2a^b^ ? Ans. AaW\ 

9. Wliat is the cube of — 5a»52? Ans. — 125a3«ft«. 

10. Wliat is the eighth power of — a'scy^ ? 

Ans. + a^^Q^y^\ 

11. What is the seventh power of — a*5*o? 

Ans. — a^'^y^c'. 

12. Whf»t is the sixth power of 2a¥y^ ? 

A71S. Ua^b'^^^ 
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18. What is the ninth power of — a'^hc^ ? 

Ans. — a®»J»c»". 

14. What is the sixth power of — Zah'^dt 

Ans. I29a^b^^d* 

15. What is the square of — lOO^b^'c^ ? 

Ans. 100a2'"52»c«. 

16. What is the cube of - 9a'"5«(?3/2 ? 

Ans. — 729a3'"^^3'•c7»/^ 

17. What is the fourth power of — 4a^b^c*d^ ? 

Ans. 256a205i2^»6j2o 

18. What is the cube of - ia^'^b^^chl? 

Ans. — 64a6'"2>«»c^cZ* 

19. What is the fifth power of 2a^b^x7/ ? 

Ans. 32a'^5^0ic*y*. 

20. What is the square of 20aj''i/'»c'^? Ans. 400«2"y2m^»^ 

21. Wliat is the fourth power of 3a"Z>2«c3? 

Ans. 81a*»Z>S"c^^ 

22. What is the fifth power of — c^'d^'^x^y^ ? 

Ans. — (^^d^^'^'^^y^^. 

23. What is the sixth power of — a'^b'^'^cr ? 

Ans. a«»^>>2«c^. 

24. What is the foui*th power of — 2a^c^d'^. 

Alls. IGaVJ^'^. 

POWERS OF FRACTIONS. 

120. From the definition of a power, and the rule for 
the multiplication of fi-actior.s, the cube of the fmcticn ■= , is 

imtten, 

(aV _ a a a ^ a? 
b) " b^ b^b- ¥' 

120. What is the rule for ruising a fraction to any power ' 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 

BULE. 

liaise the numerator to the required power for a new 
numerator^ and the deiiomiiiator to the required power far 
a new denominator, 

Tlie rule for signs is the same as in the last article. 

EXAMPLES 

Find the powers of the following fractions : 
\Sbcl 

\-W)' ^"'- -27^ 



4. 
5. 



b^ + 2bc + c^ 


A91S. 




Ans, 




Ans. 


4a2aj4y2 



r) 



\2622r 8^326 



( 



-???^V. Am, ?i^' 



2mel ' 1668aj« 



- Til -xi. c ^'^ * a''iV 

8. Fourth power of , • Ans. 



2ajV 16a^y* 

0. Cube of '^li^. Am. ^IH^^ili^nJ^ 



SB + y a!^ + 3*^ + Z^f + y' 
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10. Fourth power of • Ans, ——r—r ' 

11. Filth power of — ^^ „ „ • Ans. — ^^ - ^^ • 
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121 

ower 



L. A Bmomial, like a monomial, may be raised to any 
by the process of continued multiplication. 

1. Find the fifth power of the binomial a + b, 

a + b 1st power. 

a + b 

a^+ ab 
+ al> + b^ 

a^+ 2ab + b^ 2d power. 

a + 5 



a3 + 2a^b + ab^ 

4- a^b + 2ab^ + b^ 
a^ + Za'b + Zab^ + 5^ .... 3d power. 

a -\- b 

a* + Za?b + 3a252 + afts 

+ a^b + ^aW + 3a^3 + b^ 
a* -r 4a35 + Qa^h^ + 4a&3 + ¥ 4th power. 
a + b 

a* + 4a45 + QaW + AaW + a^>* 

121. How may a bmomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
Mieut of the power? If the exponent is 4, what is the number of 
ultiplicjitions ? How many when it is m? How many things arc con^ 
iWcd in the raising of powers? Name tlioni. 
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Note. — 122. It will be observed that tlio number of 
multiplications is always 1 less than the units in the expo* 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, &c. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
ex])russ that a + b is to be raised to the 6th power, we 
wTite 

{a + bYi 

if to the mth power, we write 

(a + J)*". 

2. Find the 5th power of the binomial a — J. 

a — b 1st power. 

a — b 



a2— ab 
- ab +b^ 

^ — 2ab +52 2d power. 



a 

a — b 



a3 — 2a^b + ab'^ 

— a^b + 2a&2 - b^ 

a3 — Za^b + 3a2>2 — J3 .... 3d power. 
a — b 

a* — Za?b + ZaW — ab^ 

— a^b + 3a22»2 — Zab^ + b^ 

a* — ^a^b + ^aW — ^aV^ + b^ . 4th power, 
a — & 

a* — 6a*5 + X^a^y^ — lOa^Z^s + 5^54 _ 55 ^^^ 
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In tlie same way the higher powers may be obtained. By 
oxaniining the powers of these bmomials, it is plain that four 
t^hmgs must be considered : 

1st. The nmnber of temis of the power, 
2d. The signs of the terms. 
8d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let ns see according to what laws these are formed. 

Of the Terms. 

123. By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four terms ; 
the fourth power, five ; the fifth power, six, <fcc. ; and hence 
we may conclude : 

Thxit the number of terms in any power of a binomial^ 
is greater by one than the exponent of the power. 

Of the Signs of the Terms. 

124. It is evident that when both terms of the given 
binomial are plus, aU the terms of the power wiU be plus. 

If the second term of the binomial is negative, then aU 
the odd termsj counted from the left^ will be positive^ and 
aU tJie even terms negative. 

123. How many terms docs the first power of a binomial contain? The 
ecoond ? The third ? The nth power ? 

124. If both terms of a binomial are positive, what will be the signi 
of the terms of the power ? If the second term is negative, how are the 
^gn? of the terms ? 
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Of the Exponents. 

125. The letter which occupies the first place in a bino- 
niial, is called the leading letter. Thus, a is the leading 
letter in the binomials a + ft, and a — h. 

1st. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
power ; and that this exponent will diminish by one in each 
term to the right, until wc reach the last tei;m, when it Tvill 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
term, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. Tliis 
last remark will enable us to verify any result obtained by 
means of the binomial fonnula. 

Let us now aj^ply these principles in the two following 
examples, in which the coefiicients are omitted : 

(a + ft)6 . . . a« + a^h + d'lP- + d?h^ + d^¥ + oft* + b\ 

As the pupil should be practised in -wi'iting the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

125. Which is the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the riglit ? What is tlie exponent of the second letter in the second term ? 
Ilow docs it change in the terms towards tlic right? What is it in th« 
last (?rni ? Wliat is the pum of tlio oxnonciits in any term equal to? 
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1. (a + by . . a^-ha^b+ab^ f b\ 

2. {a — by. . a^-a?b'^aW'' db^ + ft*. 

3. (a + by . . a^-{-a'b+aW+a''b^-{-a¥ + b\ 

4. (a -by . . a'-a^b-ha'b''-a^P-\-a^b''-a'b^+ab^-^b\ 

. 0/ the Coefficients. 

136. The coefficient of the first term is 1. The coeffi 
dent of the second term is the same as the exponent of the 
given power. The coefficient of the third term is found by 
multiplying the coefficient of the second term by the expo- 
ncnt of the leading letter in that tenn, and dividing the 
product by 2. And finally : 

If the coefficient of any term be multiplied by the expo- 
nent of the leading letter in that term^ and the product 
divided by the number which marJcs the place of tJie term 
from the left^ the quotient will be the coefficient of t/ie 
next term. 

Thus, to find the coefficients in the example, 

{a-by . . . a'- a^b -h a^b^- a'b^-{- a'^ft*- a^b' + ab^- b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third teim, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 6, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 36 by 4, and divide tlie product 
by 4 ; this gives 36. The coefficient of the sixth term, found 

126. What is the coefficient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third tcnn 
How do you find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How are the coefficients of the exponents 
of any two terms equally distant from the two extremes? 
8 
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in tho same way, is 21 ; that of the seventh^ 1 ; and that cf 
the eighth, 1, Collecting these coefficients, 

(a - by = 

a' - la^b + 21aW-35a*63 + 35^354 __ 21a^b^ + lab^ - b\ 

NoTB.-^We see, in examining this last result, that tht 
cocffidents of the extreme terms are each 1, a7id that the 
coefficients of terms equally distant from the extreme temu 
are equal. It will, therefore, be sufficient to find the coeffi- 
cients of the first half of the terms, and from these tht 
others may be immediately written. 

EXAMPLES 

1. Find the fourth power of a -f ^. 

Ans. a* + 4a3ft + Ba^J^ _j. 4^3 4. ji^ 

2. Find the fourth power of a — ^. 

Ans. a* — 4a35 + Ca^^^ _ 4^,53 ^ j4^ 

8. Find the fifth power of a + 5. 

Ans. a^ + ba'b + \OaW -f lOaW + 6ai* + ft*. 
4. Find the fifth power of a - J. 

Ans. a^ - ba^b -^ lOa^ft^ — lOa^h^ + 6a¥ - ft*. 

6. Find the sixth power of a + ft. 

a« + Qa^b + ISa^ft^ + 20a3ft3 + iSa^ft* + 6aft5 + ft«. 

6. Find the sixth power of a — ft. 

a« — 6a5ft + 15a*ft2 - 20a3ft3 + ISa^ft* - 6aft« + ft«. 

127. When the teims of the binomial have coefficients, 
wo may still write out any power of it by means of the 
Binomial Formula. 

4. Let it be required to find the cube of 2c + Zd. 
{a + by = a3 + ^a^h + 3aft2 + b\ 
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Hero, 2e takes the place of a in the formula, and 3d the 
place of b. Hence, we have, 

(2c+3rf)3= (2c)3+3.(2c)2.3(?+3(2c)(3£?)2+(3cZ)3 . (1.; 

and hj performing the indicated operations, we have, 

(2c + Sdy = S(^ + 36c^d + 5icd^ + 2ld\ 

IS we examine the second member of Equation ( 1 ), we 
see that each term is made up of three factors: Ist, the 
nmnerical &ctor; 2d, some power of 2e; and 3d, some 
power of Zd. The powers of 2c are arranged in descend- 
.ing order towards the right, the last term involving the 
power of 2c or 1 ; the powers of 3c? are ananged in ascend- 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three factors of each 
term in a vertical column, and then performing the multipli- 
cations as indicated below. 

Find, by this method, the cube of 2c + 3c?. 







OPERATIOX, 








1 


+ 


3 


+ 


3 


+ 


1 


Coefficients, 


8c» + 


4c» 


+ 


2c 


+ 


1 


Powers of 2c 


1 


+ 


Zd 


+ 


9<f« 


+ 27(f3 


Powers of 3<? 



(2c + dy = 8c3 + 36c2c? -f 54ccZ2 + 2ld^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the particular power ; in the second lino, T\Tite the de- 
scending powers of the leading term to the power ; in the 
third line, write the ascending powers of the follo\ving term 
from the power upwards. It will bo easiest to eommonco 
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the second lino on the right nand. The multiplieation skouU 
bo performed from above, downwards, 

8. Find the 4th power of 3aV — 2bd. 

(a + by = a* + ia^b + Ga^J^ + 4aJ3 + b\ 



1 + 4 


+ 


6 


+ 4 


+ 1 


eiffl'-c' + 2W€r> 


+ 


9a*c? 


+ 3o«c 


+ 1 


1 - 2bd 


+ 


Wd* 


- 8¥d^ 


+ lQb*d . 



BlaV - 2lQa^c^bd+ 2l6a^cWd^ -- dQa^cb^d^ + 165*^*.* 

9. What is the cube of 3a; — 6y ? 

Ans. 27jb3 — U2x^j/ + 324ajy» — 216y». 

10. What is the fourth power of a — 3ft? 

Ans. a* - I2a^b + Bia^b^ - lOQab^ + 815*. 

11. What is the fifth power of c - 2d? 

Ans. c5 - 10c*d + 40C3J2 - SOc^d^ + 80cef* — 32df*. 

12. Wliat is the cube of 5a — Sd? 

Ans. 125a3 - 225a^d + Utkid^ - 21dK 



* This Ingonions method of wrltliig the deyeIopne:t of a binomial to da» to 
f:«ISBeeor William G. Psok, of Oolamhia College 
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CHAPTER VH 

0QUABE BOOT. BADICALS OF THE SECOND 
DEOBEE. 

128. The Squabe Root of a number is one of its two 
equal factors. Thus, 6 x 6 = 3C ; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is \/~", or the fractional 
exponent i ; thus, 

r * 

ya^ or a , 

indicates the square root of a, or that one of the two equal 
factors of a is to be found. The operation of finding such 
fiictor is called, Extracting the Square Hoot, 

129. Any number which can be resolved into two equal 
integral fa/itors^ is called a, perfect square. 

The following Table, verified by actual multiplication, ift. 
dicates all the perfect squares between 1 and 100. 

TABLE. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 6, 6, Y, 8, 9, 10, roots. 

128. What Is the square root cf a number ? Wha is the operation of 
finding tho equal factor called ? 

129. What is a perfect square ? How many perfect squares arc ther* 
between I and 100, including both numbers ? What are they? 
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Wc may employ this table for finding the sqnare root of 
any perfect square between 1 and 100. 

Look for the number in the first line; if it is found 
therCy its square root will be found immediately/ under it. 

If the given number is less than 100, and not a perfect 
square, it will fall between two numbers of the upper line^ and 
its square root will be found between the two numbers direetly 
below ; the lesser of the two will be the entire part of the 
rooty a?id will be tJie true root to within less than 1. 

Tims, if the given number is 55, it is foimd between the 
perfect squares 49 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There ai'e ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
N denote such a number, x the tens of its square root, and 
y the units ; then will, 

N = {x-\- yY =z x' ■\- 2xy -V y^ = x' + {2x + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product of the te7is by the u7iitSj plus 
t/ie square of tJie units, 

EXAMPLE. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contam but two figures; 
that is, units and tens. 
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Now, the square of the tens must be found in the two 
left-hand figures, which we will sepai-ate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are V and 8 ; hence, 
7 eapresses the number of tens sought ; and the required 
root is composed of 7 tens and a certain number of units. 

Tlie figure 7 being found, we 



write it on the right of the given 60 84 

number, from which we separate 49 



78 



it by a vertical line : then we 7 X 2 = 14 8|118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, 

to which we bring down the two 

nert figures, 84. The result of this operation, 1184, con- 
tains ttoice tlve product of tJie tens by the wiits^ plus the 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units, 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 toilPeapress the u?iits^ or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides tlie double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascertain if tli(3 quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives fur a product, 1184^ a 
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number equal to the result of the first operation. Hav- 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. Li this operation, 
wo form, 1st, the square of the tens; 2nd, the double 
product 01 the tens by the units ; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted from 
the given number 6084 : 1st, the square of 7 tens, or of 70; 
2d, UwicQ the product of 70 by 8 ; and, 3d, the sqiu^-e of 8; 
that is, the three pails which enter into the composition of 
the square, 70 + 8, or 78 and since the result of the sub- 
traction is 0, it follows thai, 78 is the square root of 6084. 

130. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num- 
bers, for by changing the order of the units, we do not 
change the relation in which thoy stand to each other. 

Thus, in the number CO 84 95, the two periods 60 84, 
have the same relation to each other as in the nimiber 
60 84 ; and hence the methods used in the last exami^le are 
equally applicable to larger numbers. 

131. Hence, for the ex-traction of the square root of 
numbers, we have the following 

RULE. 

I. Poi7it off the give7i number into periods of two figures 
eackj beginning at the right hand: 

n. Note tJie greatest perfect square in the first period on 
the left^ and place its root on the rights after the manner of 

131. Give the rule for the extraction of the square root of numbers! 
What is the first step ? What the sccind ? What the tlurd ? What the 
fourth? irZiat the fiflh ? 
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a quotient in division ; then subtract the square of this 
root from the first period^ and bring dovyn the second period 
for a remainder: 

ni. Double the root already founds and place tJie result 
on the left for a divisor. Seek how many times the divisor 
is contained in the remaindery exclusive of the right-hand 
figure^ and place the figure in the root and also at the right 
of the divisor : 

TV, Multiply the divisor^ thus augmented^ by tlie last 
figure of the root^ and subtract the product from the re- 
maindery and bring down the next pei'iod for a new remaiiir 
der. JBut if any of the products should be greater tJuin 
the remaindery diminish the last figure of the root by one : 

V. Double the whole root already foundy for a new di- 
msory and continue the operaiio7i as beforcy until all the 
periods are brought down, 

139. Note. — 1. If, after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of place? of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there ^vill 
be a remainder after all the periods are brought dowTi, in 
wliich case ciphers may be annexed, forming new periods, 
for each of which there will be one dechnal place in the root. 

132. What takes place when the given number is a perfect square Y 
How many places of figures will there be in the root? If the given num- 
ber is not a perfect square, ^hat may be done after all the periods are 
brought down ? 
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EXAMPLES. 

1. Wliat is the square root of 36'^29 ? 



3 67 29 1 191.64 f 
1 



29 



267 
261 



38 1 


629 
381 


382 6 


24800 
22956 


3832 4 


184400 
153296 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



31104 Rem. 

2. To find the square root of '^225. Ans. 85, 

3. To find the square root of 17689. Ans. 133. 

4. To find the square root of 994009. Ans. 997. 

5. To find the square root of 85673536. Ans. 9256. 

6. To find the square root of C7798756. Ans. 8234. 

7. To find the square root of 978121. Ans. 989. 

8. To find the square root of 956484. Ans. 978. 

9. What is the square root of 36372961 ? Ans. 6031. 
10. What is tlie square root of 22071204 ? Ans. 4698. 
n. What is the square root of 106929? Ans. 327. 

12. Wliat of 12088868379025 ? Ans. 3476905. 

13. Wliat of 2268741 ? Ans. 1506.23 +, 

14. Wliat of 759679G? Ans. 2756.22 + 

15. What is the square root of 96 ? Ans. 9.79795 +. 

16. What is the square root of 153? Ans. 12.36931 +. 

17. What is the square root of 101 . Ans. 10.04087 -f. 
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18. What of 285970390644 ? A7is. 534762. 

19. What of 41605800625 ? Am. 203975. 

20. What of 48303584206084? Ans. 6950078. 

KCTBACnON OF THE SQUABB BOOT OF FBACTHONS. 

133. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that 

The square root of a fraction will be eqical to the square 

root of the numerator divided by the square foot of tJve 

denominator. 

a/^ a 

For example, the square root of ^ is equal to tI for, 

a a __(j^ 
b^ b~T^' 

1. Wliat is the square root of -? Ans, -• 

-rrr, 9 3 

2. Wliat is the square root of -— ? Ans. - • 

16 4 

ft A Q 

3. Wliat is the square root of -- ? Ans. - • 

81 9 

4. What is the square root of — - ? Ans. —- • 

6. What is the square root of -- ? Ans. - • 

^64 2 

4096 64 

6. What is tl:e square root of -t^;-— ? Ans. ---r • 

^ 61009 247 

^ XKTu ^' .^ . c 582169 « . 763 

7. What IS the square root of ^^^,^, ? Ans. -r— • 

^ 956484 978 

1 S9. To wliat is tht) square root of a fraction oqual ? 
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134. If tlio numerator and denominator arc not porfeci 
Bquares, the root of the fraction cannot be exactly found. 
We can, however, easily find thcr approximate root. 

SULB. 

Midtiply both terms of the fractio7i by the denomincUor : 
Then extract the square root of the ?mmerator, and divide 
this root by tJie root of the denomi?iator ; the quotient toiU 
be tJie approximate root, 

1. Find the square root of - • 

Multiplying the numerator and denominator by 5 

hence, (3.8729 +) -5- 5 = .7745 + = Ans. 

2. What is the square root of - ? Ans. 1.32287 +. 

3. What is the square root of — ? Ans. 1.24721 -h. 

4. What is the square root of Hrr^ -^'i^- 3.418C9 t-- 

13 
6. What is the square root of 7— ? A7is. 2.71313 +• 

«3o 

15 

6. What is the square root of 8-- ? Ans. 2.88203 h. 

^^ 5 

7. What is the square root of — ? Ans. 0.64549 +. 

3 

8. Wliat is the square root of 10—? Ans. 3.20936 +. 

134. What is the rule whcD the uumcrator ard deuominator are nol 
perfect squares ? * 
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135. Finally, instead of the last method, we may, if we 
please, 

Change the common fraction into a decim^^ and continue 
the division until the nwnher of decimal places is double 
the number of places required in the root. Then extract 
the root of the decimal by the last rule, 

EXAMPLES. 

1. Extract the square of -j to within .001. This num- 
ber, reduced to dechnals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .880; hence, 

0.P86 is the root of — - to within .001. 
14 

2. Fmd the U^^ to withm 0.0001. A7is, 1.6931 +. 

3. What is the square root of ~ ? Ans, 0.24253 +. 

4. What is the square root of - ? Ans, 0.93541 -f. 

8 

5. What is the square root of - ? Ans, 1.29099 {-. 

o 

EXTKACnOX OF TUE SQUARE KOOT OP MONOMIALS. 

136. Ill order to discover the process for extracting the 
square root of a monomial, we must see how its squai e is 
formed. 

By the rule for the multiplication of monomials (Ait. 42), 
we have, 

(5a^^cy = 5ci^Pc X 5a^b^c = 25a'b^c^ ; 

136. What is a second method of finding the approximate root? 

186. Give the rule for extracting the square root of monomiuls? ■ 
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that is, iu order to square a monomial, it is necessary U 
square its coefficient and double the exponent of each oftht 
letters. Hence, to find the square root of a monomial, we 
have the following 

SULB. 

I. Ectract the square root of the coefficient for a new 
coefficient : 

n. Divide the expo7ient of each letter by 2, and then 
annex all the letters with their new exponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of — a, as well as that of 4- a, will be 
. 4- «" ; hence, the square root of a^ is either + o, oi 
— a. Also, the square root of 25d^b\ is either 4- 5ab\ 
or — 5ab'^. Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
-f or — ; thus, y^ = ± Sa^ ; for, 4- Sa^ or — Za\ 
squared, gives -'r 9a*. The double sign ± , with which the 
root is affecte(^, is read plies and minus. 

EXAMPLES. 

1. What IS the square root of Qia^b^? 

x/Gia^b* = 4-8a3J2. fo^ -\-SaWx +Qa^b^= 4-64a«ft* 
and, v^ia^ = —8aW-, for -SaWx -SaWzzz +G4a^b^ 
Hence, ^640^ = ± Sa^b\ 

2. Find the square root of G2oa'^b^c^. ± 25ab*c\ 

3. Fmd the square root of 5l6a*b^c\ ± 24taWc^. 

4. Find the square root of 19Gx^y^z^. ± \^x^yz\ 

5. Find the square root of Ula^¥c^^d^^. ± 2la'^b^<^d\ 

6. Fhid the square root of 1Md^W^c^^d\ ± 28aWc^J. 
1. Find the square root of Sla^b^c^. ± 9a^^2^. 
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Notes. — 137. 1. From the preceding riuo it follows, 
that when a monomial is a perfect square, its numerical 
coefficient is a perfect square^ and aU its exponents even 
numbers. Thus, 25a*d2 is a perfect square. 

2. If the proposed monomial were negative^ it would be 
impossible to extract its square root, since it has just been 
shown (Art. 136) that the square of every quantity, whether 
positive or negative, is essentially positive. Therefore, 



are algebraic symbols which indicate operations that cannot 
bo performed. They are called imaginary guaixtities^ or 
rather, imaginary expressions^ and aie frequently met with 
in the resolution of equations of the second degree. 

IMPERFECT SQUARES. 

138. When the coefficient is not a perfect square^ or 
when the exponent of any letter is xmeven^ the monomial is 
an imperfect sqimre: thus, 98a^* is an imperfect square. 
Its root is then indicated by means of the -adical sign ; thusj 



Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A RADICAL QUANTITY, is thc indicated root of an imperfect 
power. 



137. When is a monomial a perfect square? What monomials are 
Ihese whose square roots cannot be extracted ? What are such cxpres- 
iions called ? 

138. When is a monomialan imperfect squtire ? What arc such qnaii' 
'itic5 calhfd ? What is a radical quantity ? 
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TKANSFORMATION OF RADICALS. 

139. Let a aud b denote any two numbers, and f 
the product of their square roots: then, 

^ X ^/b = p (1.) 

Squaruig both members, we have, 

a X b = p^ .... (2.) 
Then, extracting the square root of both members of (2), 

V^ = P (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the first members are equal ; that is, 

5^ square root of the product of two quantities is equal 
to the product of their square roots, 

140. Let a and b denote any two numbers, and q. 
tlie quotient of their square roots ; then, 

^- "•> 

Squaring both members, we have, 

f = !?^ (2.) 

then eytracting the square root of both members of (2), 

l = » m 

and since the second members arc the same in Equations ( I ) 
and ( 3 ), the first members are equal ; that is, 

139. To what is the square root of tlic product of two quantities equal? 

140. To what is the square root of the quotient of two quaoliiicv 
equal? 
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T?ie square root of the quotient of two qtmntities is equal 
to t?ie qtwtient of their square roots. 

Tliese principles enable us to transform radical expres- 
sions, or to reduce them to simpler foi-ms ; thus, the expres- 
sion, 

98a J* = 49J* X 2a ; 

hence, ^dSab* = ^/4^b^^l^2al \ 

and by the piinciple of (Art. 139), 

\/^49b^ X 2a = ^/Idb* X y^ = 1b^\^. 
In like manner, 

y^45aWc^d = ^/9a^^c^ X 5bd = Babc^/sM. 

•v/864a2^V^ = ^lUa'^b^c^^ X 6bc = Uab^c^ y/obc. 

The COEFFICIENT of a radical is the quantity without the 
sign ; thus, in the expressions, 

Wy/^a^ Zabcy/M, \2a¥c^ y/i^bc, 

the quantities Wy ZabCy 12ab'^c^y are coefficients of the 
radicals, 

141. Hence, to simplify a radical of the second degree, 
we have the following 

RULE. 

I. Divide tJie expression under tJie radical sign into two 
fact(yrSy one of which shaU be a perfect square : 

n. Extract the square root of the perfect square^ and 
then multiply this root by the indicated square root of the 
remaining factor. 

141. Give tlie rule for simplifying rad/cala of the second degree. IIow 
do you determine whether a given nu^u ser has a factor which is a perfect 
square? 
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Note. — ^To determine if a given number has any &ctOT 
wliich is a perfect square, we examine and see if it is divi- 
sible by either of the perfect squares, 

4, 9, IG, 25, 36, 49, 64, 81, &c ; 

if it is not, we conclude that it doee not contiun a factor 
which is a perfect square. 

EXAMPLES. 

Reduce the following radicals to their simplest form : 



\ 1. \/l6a^bc. 
^' 3. -/32a^. 



Ans, 5a^3abc, 
Ans. Sb^a^d^/2b. 
Ans. 4a*5*-v/2«c. 
Ans. 16a^V. 
Ans. Z2a^b^c^^/aK 
Am. 2la^^c^y/cM 
Ans. l5aWcV^abd. 
Ans. Vlac^d'^^/ba. 
v*9. -/lOOSo^JW. Ans. I2a*dhn^^1ad. 

V 10. \^2l50a^^b^c^ Ans. Ua^b^c^^/u. 

:/ll. ^/iOdaWd^. Ans. 9a^b^d^^/5a. 

142. Notes. — 1. A coefficient^ or a factor of a coeffi- 
cienty may be carried under the radical sign, by squaring iU 
Thus, 



1 4. 


-/256a2J^c«. 


. 6. 


-/l024a9^>^c^ 


v6. 


y/n^aPb'^c^d. 


v^- 


^/^nha^¥cH. 


V8. 


y/\^^ha?cH\ 



1. Zd?■^/bc = ^/{ZQ?'y^ x be = ^^al'bc. 

2. 2ab^ rr 2y/c^¥d = ^aWd. 



142. IIow may a coefficient or factor be carried under the radical sign 
To what ia the square root of a uegat'^'e quantity equal ? 
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•2. The square root of a negative quantity may also bo 
nmplified; thus, 

yCTg = -/9 X - 1 = V^ X -/^ r= 3v/^, 

and, -/--"4a^ = y^ x -/— 1 = 2a'/— 1 ; also, 

-/— 8a2ft = V4a''^x —2^ = 2a^^2b = 2av/2^ X -/-T; 

that is, ^Ae square root of a negative quantity is equal to 
the square root of the sa?ne quaiitity with a positive sign^ 
multiplied into the sqitare root of — I, 

Reduce the following : 

^1. V"— Q4a^\ Ans. ^ah^/~^. 

^2. '/^^l28a^, Ans, Sa^izy^yCZT. 

^ V'- I2a^b'c\ Ans. GaWc^^\/2ab^/^^. 

/ 4. -/— 48a3^-^. A71S. ^ac'^^/'dabcx/^. 



ADDITION OF RADICALS. 

143. Similar Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 
the radicals Sy^, and 5c y^ are similar, and so also are 
9v^, and 1^/2. 

144. Radicals are added like other algebraic quantities; 
hence, the following 

143. What aro siuiiliir radicals of the second degree ? 

144. Give the rule for the addition of radicals of tL< second degree ? 
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BULB. 

L If tJie radicals are similar^ add their coefficients^ and 
to t/ie sum annex t/ie common radical: 

JL If the radicals are not similar^ connect them together 
vsith tJieir jyroper sigiis. 

Thus, ^a^/b -f- ^c^/b = (3a + bc)^/b. 
In like manner, 

V-v/2a + 3-v/2a = (7 + 3)V^ = \0^/2a. 

Notes. — 1. Two radicals, which do not appear to be sim- 
ilar at first sight, may become so by transformation (Art. 
141.) 

For example, 
V^Sc^ 4- by/na = 45>/3a + SiySa = db^/sa; 
2>/45 + 3>/5 = G-v/s + 3^5 = 0^. 
. 2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add S-y/* 
to 5\/a, we write, 

5-v/a + Sy/b. 

Add together the following : 
V 1. y/21d^ and ylsa^ Ans. lay/W. 

/ 2. -v/^a^2 and y^12a'b\ Ans. lla^y/2. 

V3.y/— and^~. Ans.4a^-. 

V 4. -V/T25 and ^500a\ Ans. (5 -h 10a) y^ 

/so" , yToo ^ 10 r- 

147 ^°^ V 294 ^^^' 21^ 
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6. ^9Sdhs and -/SCa'-* — 36a^ 

Ans. 'lax^ + 6 ya;^ — a\ 

1. -/OSa^a; and -/288a*a^. ^ns. (7a + 12a2a;"')V2^ 

8. -v/72 and VT28- -4w«- 14^2". 

9. v^ and vTi7. ^ns. 10 v^ 

10. \/- and \/t-r' A?is. tttV^, 



3 V 60 30 

/ 11. 2y/c^b and 3^6460*. Ans. (2a + 24x^)y/b. 

/l2. V^ and 10^363. Ans. llOy^. 

13. -/320a262 and ^/2Mc^^. Ans. (8a5 + 7a*53)v^ 

14. V^5aW and y^O"^- ^^^^- (Sa^Z^^ + 10a3i2)v^ 



7 



SUBTRACTION OF RADICALS. 

145. Radicals aro subtracted like other algebraic quan- 
tities ; hence, the following 

RULE. 

\. If the radicals are similar^ subtract tJie coefficient of 
the subtrahend from that of the minuend^ and to the differ^ 
ence annex the common radical : 

n. If the radicals are not similar^ indicate the operation 
by the minits sign. 

EXAMPLES. 

1. What is the difference between 3a y^ and a\'b? 
Here, 3av^ — ay^ = 2a y^. Ans. 

145. Give the rule for tlic subtraction of nidicals. 
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2. From Oay^W subtract Zay/lW. 
First, 9a-/2W = 'Tlahy/z^ and 6a-v/2M^ = ISafty^; 
anil, 27aft\/3 — 18a5-v/3 = Oaft-v/s. Ana. 

Find the differences between the following : 

3. -/VS and -vAs. ^TW. v^ 

4. V^4a^ and V'sift*. .4n5. (2a5 — 3ft2)y^ 

V 6. y/1 and y/1. .In*, ^y^ 



^. 6. VT28a^ and ^320^. Ans. (8aft — 4a*) V^ 

7. V^So^ and V^Oa^. -4;i5. 4aft-v/3a* — Zy/oSb. 

8. 'v/242a^ and y^oW. ^W5. (lla^ft^ - aft)y^. , 

10. -/320a2 and -/sOo^, Am. 4a y^. 

11. V'ma^ and y^iso^c^J^. 

-4wa. (12aft — 7c<?)'v/6a6. 

yl2. -v/oCSo^^ and V^OOo^^. ^n*. 12aftv^ 

13. VTl2a«^ and y^8a^. Am. 2a*b^\^. 



MULTIPLICATION OF RADICALS. 

lie. Radicals are multiplied like other algebraic quan- 
tities ; hence, we have the following 

BULE. 

I. Multiply the coefficients together for a new coefficient: 

14C. Give the rule for the muhiplicalion of radicals. 
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n. Multiply together the quantities under tfie radical 
rigtis: 
ILL Then reduce the result to its simj^Hest form, 

1. Multiply ^a^c by 2y/ah. 

Za^^hc X 2Va5 = 3a x 2 x y^ x V^« 
which, by Art. 139, = 6a\/b^ac = 6aby/ac. 

Multiply the following : 

^' 2. sVBoft and 4-v/Soa. ^n5. 120civ^. 

8. 2aV^ and 3aV^- ^^5. Qa^bc. 

/ 4. 2aV^-r^ and - 3a ^aH^. A -Ca2(a2+ft2,) 

•^ 6. 2ab^a + 6 and acy^a — b. Ans. Id^bc^Jd^ — b'^. 

/ 6. 3^2 and 2^/s. Ans. 24. 

V *l' iVi^ and T^^V^c^d. Ans. ^^abcy/w. 

8. 2aj + -v^ and 2a; — y^. -47i5. 4a;2 — ft. 

y/' 9. V»+2V^ and -/« — 2V^. -4n5. y^a^ - 4ft. 

yiO. 3aV^27a3 by y^. -4n5. Oa^v^ 



DIVISION OF KADICALS. 



147. Radical quantities are divided like other algebraic 
quantities ; hence, we have the following 



BULE. 



I. Divide the coefficient of the dividend by the coefficient 
of the divisoTy for a new coefficient : 



147. Give the nile for the division of radii.'al.-^. 
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n. Divide t/ie qua?ititic8 under t/ie radicals^ tn the sam 
manner : 
III. The7i reduce the residt to its simplest /orm. 

BXAMPLBS. 

1. Divide 8a\/^ ^y 4av^, 

8a ^ . 

-— = 2, new coefficient, 
4a 



ft 2ft 

hence, the quotient is 2 X - = — • 

c c 

^ 2. Divide 5a V^ by 2ft \/c. -47i5. -^v/— 

V 3. Divide 12aC'\/cftc by 4c y^. ^w«. 3a-\/3c. 

4. Divide Ca-/9Cft* by Sy^. ^^i5. 4aftV8.' 

5. Divide 4a2'/50ft* by 2a2'v/5ft. /1/15. 2ft2y^, 
C.Divide 26a-^ftv/81a2ft2 by ISav/Ooft. u4. Ca^ft-v/oft. 
7. Divide 84a^ftV2Vac by 42aft'v/3a. A. ^a^b^y/c. 

. 8. Divide y/ic^ by y^. ^;w. Jo, 

9. Divide 6a2ftV20a3 by 12v/5a. -4/w. a^ft*. 

. 10. Divide Ga-v/lOft^ by 3-^/5". ^tw. 2aft'v/2. 

11. Divide 48ft*v/r5 by 2ft2y^ ^^5. 360ft». 

12. Divide 8a2^*c3'v/7^ by 2aV28<i -4w5. 2aft*c3dl 
.^yio. Divide nOr/Vr'^^/osZ? by 48aftcV^. -^. 14a''fto*. 
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/ 14. Divide 2la^¥^)/2la^ by ^/^a. Ans. 2la^¥^/^, 
7l5. Diviie ISaW^So* by ^aby/a\ Am. 6aW^, 

SQUARE EOOT OF POLYNOMLA.LS. — y^ — 

148* Before explaining the rule for the extraction of the 
•quare root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a + hy = a^ + 2a5 + h\ 

(a + J + c)« = a* + 2aJ + ^^^ + 2(a + h)c + c^ 

(a + ft + c + (?)^ = a^ 4- 2aft + 52 + 2(a + ft)c + ^ 

+ 2(a + 6 + c^^ + df». 

The i^ by which these squares are fbnned can be ennn 
cuited thus : 

The square of any iX)lynomial is equal to the square of 
• the first temiy plus twice the product of the first term hy the 
0econd^ plus t/ie square of the seco7id; plies twice the first 
two terms multiplied by the thirds plus the square of the 
third ; plus twice the first three terms multiplied hy the 
fourthyplus the square of the fourth; afid so o?i. 

149. Hence, to extract the square root of a polynomial, 
we have the following 

BULE. 

L Arrange the polynomial with reference to one ofiU 
letters^ and extract the square root of the first term : this 
toiU give the first term of the root : 

148. What is the square of a binomial equal to ? What is the square 
of a trinomial equal to ? To what is the square of any polynomial equal f 

149. Give the rule for extracting the 'square root of a polyuoniial f 
What is the first step ? Wl at the second ? What the third ? What the 
fourth ? 

P 

t 
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n. DioUIe the second term of the polynontial by douhh 
tJie first term of the rooty and the quotient wiU be ths second 
term of t?^ root : 

nX Then form the square of tJie algebraic sum of the 
two terms of the root founds and subtract it from the first 
polynomial^ and then divide th^ first term of the remainder 
by double the first term of the rooty and the quotient wiU be 
the third term : 

TV. Form the double product of the sum of the first and 
second terms by th>e thirds and add the square of the third; 
then subtract this result from the last remainder^ and divide 
t/i>e first term of the resuU so obtained^ by double the first 
term of the rooty and th>e quotient vnll be the fourth term. 
Then proceed in a similar m^anner to find the other terms. 

BXAHPLBS. 

1 . Extract the square root of the polynomial, 

49a^b^ - 24a53 -f 25a* - SOa^b + 16ft*. 
Fii'st arrange it with reference to the letter a. 



25a* - SOa^b + i^a^b^ - 2^ab^ + 16*^ 
25a* — 30a3ft 4- 9aW 



5a^ - Soft 4- 4ft» 
lOa^ 



iOaW — 24aft3 4- 16ft* . . 1st Hem. 
40a^ft^ - 24aft3 4- 16ft* 

2d Hem. 

After having arranged the polynomial with reference to 
a, extract the square root of 25a* ; this gives 5a\ which 
is placed at the right of the polynomial : then divide tha 
second term, — SOa^ft, by the double of 6a% or lOa^ ; 
the quotient is — 3aft, which is placed at the right of 6a^ 
Hence, the first two terms of the root are 6a* — Sab, 
Squaring this binomial, it becomes 25a* — SOa^ft 4- Oa^ft*, 
which, subtracted from* the proposed polynomial, gives a 
rcmaindorj of which the first terra is 40a'^b^, Dividing thin 
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rat term by I0a\ (the double of Sa^), the quotient ifl 
h 46^ ; this is the thii*d term of the root, and is written on 
he right of the first two terms. By forming the double 
Toduct of 5a^ — Bab by 4b\ squaring 4b\ and taking 
he sum, we find the polynomial iOa^b^ — 24ab^ + 165*, 
irhich, subtracted from the first remainder, gives 0. There- 
ore, 6a^ — 3ab + 4 J^ is the required root. 

2. Find the square root of a*+ ^a^x+(ja^x^'{-iaa^+ a^* 

Am, a*+ 2005 + x\ 

8. Find the square root of a*— ia^x+Qa^z^— 4aa;3+ cb*. 

Ans, a^ — 2ax + x\ 

4. Find the square root of 

4aj« + 12»* + 6a* - 2q^ + 1x^ -205 + 1. 

Ans. 2x^ + 3x^ — X + I. 

5. Find the square root of 

9a* - 12a3* + 2Sa^b^ - IGab^ + lQb\ 

Ans. Za? - 2ab + ^b\ 

6. What is the square root of 

aj* — 4aa53 + Aaha^ - 435^ -f 8005 + 4 ? 

Ans. x^ — 2005 — 2. 

7. What is the square root of 

9352 — 12aj + Gay + y^ — -^y + ^ V 

Ans. Zx f y — 2. 

8. What is the square root of y* — 2^2352 4- 2x^ — 2y2 
f 1 + ar* ? Ans. y'^ — ^ ^ \. 

^ 9. What is the square root of 9o»J* - Z^aW^- 2ba^b'^^ 

Ans. Sa^b^ *• Bab. 
10. Find the square root of 
>5a*J« - AOa^b^c + IQa^b^c^ - iSab^c^ f SQb^c^ — QOct^bo 
+ 2ia^e^ - SQa^c^ 4- Qa^c\ 

A71S, 6a7-h - •.\<i'c - AoLc A- ^^^<:^^^ 
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150. We will conclude this subject with the following 

remarks : 

Ist. A binomial can never be a perfect square, smcc we 
know that the square of the most simple polynomial, viz., 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a^ + 5^, is not a perfect square ; it wants the 
term ± 2a^, in order that it diould be the square of a±b. 

2d. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : JSbetract the 
roots of the two extreme terms^ and give th/ese roots the same 
or co7itrary signs^ according as the middle term is positive 
or negative. To verify it^ see if the double product of the 
two roots is the same as the middle term of the trinomioL 
Thus, 

9a^ — 48a^52 + 64a25*, is a perfect square, 

since, ^^ = Sa^, and -/64a2^>* = — Saft^ ; 

and also, 

2 X 3a3 X — 8a2>« = — 48a*^2 ,_ the middle term. 

But, 4a2 + 14a5 + W- is not a perfect square : for, 
although 4a2 and -f 9^^ are the squares of 2a and Sft, 
yet 2 X 2a X 3J is not equal to 14a^. 

3d. In the series of operations required by the general 
rule, when the first term of one of th« remainders is not 
exactly divisible by twice the first term of the root, we may 

150. Can a binomial ever be a perfect power? Why not? When la 
a trinomial a perfect square ? When, in extracting the square root, wo 
find that the first term of the remainder is not divisible by twice the root| 
IB the polynomial a perfect power or ivol? 
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Gondudo that tho proposed polynoniiiil is not a perfect 
square. Tliis is an -evident conscqueuco of the course of 
reasoning by which wo have arrived at the general rule for 
extracting the square root. 

4th. When tho polynomial Ls lot a perfect sfjuare^ it luay 
sometimes bo Amplified (See Art. 139). 

Take, for example, the expression, y^o^ + ^a^li^ -f ^alP. 

The quantity raider the radical is not a perfect square ; 
but it can bo put under the form abi^a^ + 4a6 + 4^-.) 
Now, the factor within the parenthesis is evidently tlio 
square of a + 2ft, whence, we may conclude that, 

-/a^ft + 4a2ft2 + ^ab'i = (a + 2h) -y/aS. 



8. Reduce ^2a^b — Aali^ -f 2h'^ to its simplest form. 

A718. {a — b) -v/26. 
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CHAPTER Vm. 

XQUATIONS OF THE SECOND DBaBBX« 
EQUATIONS CONTAINING ONE UNKNOWN QUANTIT7. 

151. An Equation of the second degree containing hm 
one unknown quantity, is one in which the greatest exponent 
is equal to 2. Thus, 

as* = a, ax^ + bx z=z c, 

arc equations of the second degree. 

152. Let us see to what form every equation of the 
second degree may be reduced. 

Take any equation of the second degree, as, 

(1 + a;)^ - ?a; - 10 = 5 - I + |. 

Clearing of fractions, and performing indicated operations, 
we have, 

4 + 8a; -f 4a;'' - 3a; — 40 = 20 - « + 2a;*. 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of a;, we have, 

4aj2 — 2a;2 + 8a; - 3a; -f a; = 20 + 40 — 4 ; 

161. What i3 an equation of the second degree ? Give an oxamplc. 

162, To what form may every equation of the second degree be reduced? 
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and, by reducing, 

2x^ + 6a; = 56 ; 

dividing by the coefficient of x\ we have, 

x^ + dx = 28. 

If we denote the coefficient of x by 2p, and the second 
member by q^ we have, 

x^ + 2px = q. 
This is called the reduced equation. 

153. When the reduced equation is of this form, it con- 
tains three terms, and is called a complete eqitation. The 
terms are, 

FiEST Term. — ^The second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — ^The first power of the unknown quantity, 
with a coefficient. 

Third Term. — ^A known term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following 

RULE. 

L Clear the equatio7i of fractions^ and perform aU the 
indicated operations : 

n. Transpose all t/ie uiiknovm terms to the first member^ 
and aU the hnovm terms to the second member : 

163. How many terms arc thcM in a complete equation ? "What is the 
iifgt term ? What is the second term ? What is the third term ? How 
many operations are there in reducing an equation of the second degree 
to the required form ? What is the first ? What the second ? What the 
tliird ? What the fourth ? 
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in. lieduce all the terms containing the square of the 
xiiihnoxon quantity to a single term^ one factor of which is 
the square of the unknown quantity ; reduce^ also, aU the 
terms containing the first power of the unknovm quantity, 
to a single term : 

TV, I>ivide both members of the resulting eqitation by 
the coefficient of the square of the unknown quantity, 

154. A Root of an equation is such a value of the un- 
known quantity as, being substituted for it, will satisfy the 
equation ; that is, make the two members equAL 

The Solution of an equation is the operation of finding 
its roots, 

INCO^rPLEIE EQUATIONS. 

155. It may happen, that 2p, the coeflicient of the first 
power of JB, in the equation x + 2px = q, is equal to 0. 
In this case, the first power of x will disappear, and the 
equation will take the form, 

^'= ^ (1.) 

This is called an incomplete equation ; hence, 

An iNcoMPLiiTE EQUATION, whou rcduccd, contains but 
two terms; the square of the unknown quantity, and a 
known tci*m, 

156. Extracting the square root of both members of 
Equation ( 1 ), we have, 

X = ±v^. 

164. What is the root of an equation? What Is the solution of an 
equation ? 

155. What form will the reduced equation take when the coefficient ol 
r is ? What is the equation then called ? How many terms are there 
hi an incomplete equation ? What are they ? 

156. What is the rule for the solution of an incomplete equation? 
How many n)ots are there in every incomplete equation? Uorw do the 
rooL3 L'owpai e with each oilier ? 
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Hence, for the solution of incomplete equations : 

BULE. 

I. JRedicce the equation to the form x^ =i q: 
n. Then extract the sqxKire root of both members. 

Note. — ^There will be two roots, numerically equal, "but 
having contrary signs. Denoting the first by x\ and the 
second by «", we have, 

aj' = +\/qy and a" = — y^. 

VERIFICATION. 

Substituting + -y^, or — y^, for a, in Equation ( 1 ), 
we have, 

( + \^?= ?; and, {-V^y^ q\ 

hence, both satisfy the equation ; they are, therefore, roots. 
(Art. 154.) 

EXAMPLES. 

1. What are the values of aj in the equation, 

3a;2 + 8 = 5a2 - 10 ? 
By transposing, Sa^ — Sx^ = — lo — 8. 
Reducmg, — 2a;2 = — 18. 

Dividing by — 2, aj^ _. 9. 

Extracting square root, a = ± ^/^ = + 3 and — 8. 
Hence, a;' = + 3, and a" = — 3. 

2. What are the roots of the equation, 

3aj2+ 6 = 4x2- 10? 

Ana, a/ = -f 4, a;" = — 4, 



J 
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d. What aro tho roots of the equation, 

Ans. «' = + 9, a/' = - 9. 

i, Wliat aro tho roots of the equation, 
4aj» + 13 - 2a;3 -- 45 p 

Ans. aj' = + 4, »" = ^ 4. 

6. What are tho roots of the equation, 

Ans. aj' = + 2, SB" = .- «, 
6. What are the roots of the equation, 



/ . . . « aJ^ 



\ S + 5x^ =: %+ Ax^+ 2S? 

5 

Ans. a;' = + 6, »" = ■- 5. 

. 7. What are the roots of the equation, 

V 3^ _ ^±20_ ^ _ ^^^ 

8 3 

Ans. 35'= +6, »" = — 5, 

W 8. What are the roots of the equation, 
7? + ab = bx^^ 
Ans. X' = + Jv^, aj" = ~- Jy^ 
9. What are the roots of the equation. 



x^a + x^ = 5 + aj2? 
Ans. x' = ■ — zr-., a;" = — 



-/a — 2b ^a -^Th 
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PROBLMfS. 

1. What number is that which being multiplied by itself 
the product will be 144 ? 

Let X = the number : then, 

05 X SB = 05^ = 144w 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation : that is, 

V^=r -/l44: that is, x = 12. 

2. A person being asked how much money he had, said, 
if the number of dollars be squared and be added, the sum 
will be 42 : how much ^ad he ? 

Let x = the number of dollars. 

Then, by the conditions, 

a;2 -f 6 = 42 ; 
hence, x^ =i 42 — Q = 36, 

and, 35 = 6. Ans, |6. 

3. A grocer being asked how much sugar ho had sold to 
a person, answered, if the square of the number of pounds 
bo multiplied by 7, the product wiU be 1575. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

7a;* = 1575 ; 
hence, x^ = 225, 

and, 85 = 15. Ana. 15. 

4. A person being asked his age, said, if from the squar® 



^ 
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of my age in years, you take 192 years, the remainder wtD 
bo the square of half my age : what was his age ? 

Denote the number of years in his age by aj. 

Then, by the conditions of the question, 



a:»-192 = (|«)^= J. 



and by clearing the fractions, 

4^2 _ 768 = aj2 . 

hence, 4a;2 — a^ = 708, 

and, 3^2 = 768, 

x^ = 250, 

X = 10. Ans. 16 years. 

6. What number is that whose eighth part multiplied by 
its fifth part and the product divided by 4, will give a quo- 
tient equal to 40 ? 

Let X = the number. 

By the conditions of the question. 





(a^ 


^W-^ 


4 -= 


40; 


hence. 




a.2 
100 "" 


40; 




by clearing 


of fractions, 

a2 = 


0400, 








X = 


80. 





Ans. 80. 

0. Find a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Arts. 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Ans, 30. 



/ 
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8. What number is that whose square, plus 18, "will be 
equal to half the square, plus 30^ ? Ans. 5. 

9. What numbers are those which are to each other as 
I to 2, and the difference of whose squares is equal to 75 ? 

Let X = the less number. 
Tlien, 2x =? the greater. 

Then, by the conditions of the question, 

4iB2 - aj2 = 75 ; 

hence, dx^ = 75, 

and by dividing by 3, x^ = 25, and aj = 5, 

and, 2x = 10. 

Ans. 5 and 10 

10. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 ? 

Let X = the greater number. 

5 
Then, -x = the less. 

By the conditions of the problem, • ^^ - 

^ — t;:^ = 44 : 

36 * • ' 

by clearing effractions, 

0Ca;2 - 25a;2 = 1584 ; 

hence, lla;^ = 1584, 

and, 052= 144 . 

hence, oj = 12, 

and, -05 = 10. 

Ans* 10 and 12/ 



J 

/ 



4 
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11. What two numbers are those which are to each other 
as 3 to 4, and the difference of whose squares is 28 ? 

Ana. 6 and 8. 

12. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ana. 10 and 22^ 

13.-4 says to -B, my son's age is one quarter of yours, 
and the dif&rcnce between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

Am. ['^^^'^ ^*' 
( Younger, 4. 



Tuyo unknovm quantities. 
157. When there are two or more unknown quantities: 

I. Eliminate one of t?ie unknown quantities by Art. 
113; 

n. TJien extranet the square root of both members of the 
equation. 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides multiplied by the less, is equal to 30, and the 
product of the sides is equal to 360 : what are the sides? 

Let X = the length of the less side ; 

y = the length of the greater. 
Then, by the first condition, 

(y — x)x = 36 ; 
and by the 2d, xy = 360. 

157. Uow do you proceed when there are two or more unknown qoan* 
tities ? 
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From the first equation, we have, 

ay — a;2 = 36 ; 

and by subtraction, 7? = 324. 

Hence, x = ^/z^ = 18; 

y = -= 20. 

Ans. a; = 18, y = 20, 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece ; 
y = the number of yards in the shorter piece. 
Then, by the conditions of the question, 
85 -f y = 12. 
^x X X = x^ = what he got for the larger piece ; 
y X y ^ y^ = what he got for the shorter ; 
and, x^ = 4y2, by the 2d condition, 

X = 2y, by extracting the square root. 
Substituting this value of a; in the first equation, we have, 
y + 2y = 12; 
and, consequently, y = 4, 

and, a; = 8. 

Ans, 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the greater by the less, 3^ ? Ans, 10 and 3, 

4. The product of two numbers is a, and their quotient 
* : what are the numbers ? fa 

Ans, ^^ab^ and sj t* 
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5. The sum of the squares of two numbers is 117, and the 
difference of their squares 45 : what are the numbers? 

Ans. 9 and 6. 

C. The simi of the squares of two numbers is a, and the 
difference of their squares is b : what are the numbers ? 



v/ 



Ans. a. = y^l±-, y = -y/- 



2 

*I. Wliat two numbers are those which are, to each othe? 
as 3 to 4, and the sum of whose squares is 225 ? 

Ana. 9 and 12 

8. What two numbers are those which are to each other 
as m to n, and the sum of whose squares is equal to a^ ? 

ma na 



Ans. 



^/n^^\-n'^^ ^/m^ + n^ 

9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

A718. 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares is equal to ft^ ? 

. mb nb 

Ans. — — . , r» 

yin^ — n^ ym^ — n^ 

11. A certain sum of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number expressing the interest, 
the product will be $502500 : what is the principal at in- 
terest? Ans. $3160. 

12. A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
as many dollars as there are boys, and together they receive 
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138 dollars : Low many women were there, and how many 

boys? 

36 women, 
48 boys. 

COMPLETE EQUATIONS. 



Ans, \ 



158 Tlie reduced fonn of the complete equation (Art, 
153) is, 

a^ + 2pa; = q. 

Comparing the first member of this equation with the 
square of a binomial (Art. 54), we see that it needs but the 
square of half the coefficient of a?, to make it a perfect square. 
Adding p^ to both members (Ax. 1, Ait. 102), we have, 

a* + 2pa; + 2>^ = q •\- p^. 

Tlien, extractmg the square root of both members (Ax. 5), 

we have, 

X + p z=z ± -/</ 4- P^' 

Ti*ansi)osuig p to the second member, we have, 



« = — i> ± Vq+p^' 

Ilence, there are two roots, one corresponding to the ^>/wa 
sign of the radical, and the other to the minus sign. Do- 
noting these roots by sc' and a'', wo have, 



as' = — jt? -I- VfiM-p^, and aj" = — p — ^q + p'^. 

The root denoted by a/ is called the first root ; that de- 
noted by x" is called the second root, 

158. What is the form of the reduced equation of the second degree ! 
What is the square of the binomial z -\- p'i How many of those terms 
tre found in the first term of the reduced equation ? What must be 
added to make tlie first member a perfect square ? How many roots are 
there in every equation of the first degree ? What is the first root equal 
to ? What is the second equal to ? 
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ISO. Tbc operation of squaring half the cocjQicicnt of 
X and adding the result to both members of the equation, is 
called Comphtiiig the Sqitare, For the solution of every 
complete equation of the second degree, wo have the fol- 
loAving 

BULE. 

I. Reduce t?ie equation to theform^ as* + 2px r= q: 

n. Take half the coefficient of the second term^ square 
it^ and add the result to both members of the equation : 

in. TJmi extract the square root of both memlfere ; after 
which^ transpose the knovm term to the second member. 

Note. — Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 158) 

nuLE. 

I. The first root is equal to half the coefficient of t/ie 
second term of the reduced equation^ taken with a contrary 
sign^ plus the square root of the second m^ember increased 
by the square of half the coefficient of the second term : 

n. The second root is equal to half tM co^fffident of the 
second term of the reduced equation^ taken with a contrary 
sign^ minits the square root of the second member increased 
by t/ie square of half the coefficient of the second term. 

160. We will now show that the complete equation of 

159. What is the operalion of completing the square V How many 
operations are there in the Bolution of every equation of the second de- 
gree ? What is the first ? Wliat the second ? What the third ? Giro 
the rule for writing the roots without completing the square ? 

160. How many forniH will the complete equation of the second degree 
assume? On what will ihcbc fonns depend? What arc the signs of 2p 
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the second dogreo will take four forms, dependent on the 
Bigus of 2p and q. 

1st. Let us suppose 2/? to bo positive, and q positive; we 
shall then have, 

x^+ 2px =z q (1.) 

2d. Let us suppose 2p to be negative, and q positive; 
we shall then have, 

x^ -- 2px = q (2.) 

3d. Let us suppose 2p to bo positive, and q negative ; 
we shaU then have, 

x^ + 2px = — q. . . . ( 3.) 

4th. Let us suppose 2p to be negative, and q negative ; 
•re shall then have, 

a;2 — 2px = ^ q. . . . (4.) 

As these are all the combinations of signs that can take 
place between 2p and y, we conclude that every complete 
equation of the second degi-ee will be reduced to one or the 
other of these four forms : 

x^ + 2px z= + qy . , 1st form. 

x^ — 2px z= + qy . . 2d form. 

x^ + 2px = — g', • . 3d form, 

x^ — 2px =z — qy . • 4th form, 

EXAMPLES OF THE FIEST FOBM. 

1. What are the values of a; in the equation, 

2a;2 + 8a; = 64 ? 
K we first divide by the coefficient 2, we obtain 
a;2 + 4a; = 32. 

and q in the first form? What in the second? What in the third? 
Wkat in the fourth ? 



212 K L K M ]•: N r A R Y A 1. G E B B A . 

Then, completing the square, 

jc2 + 4a; + 4 = 32 + 4 = 36, 

Extracting the root, 

a; -f 2 = ± -v/36 = + 6, and — 6. 

Hence, a/= — 2 + 6 = +4; 

and, x" ■=. — 2 — 6 = — 8. 

Ilenco, in this fonn, the smaller root, numerically, is poative, 
and the larger negative. 

VERIFICATION. 

If we take the positive value, viz. : a;' = + 4, 

the equation, a;^ -{- 4a; = 32, 

gives 42 + 4 X 4 = 32 ; 

and if we take the negative value of 05, viz. : a:" =« — 8, 

the equation, x^ + 4x = 32, 

gives (- 8)2 + 4(- 8) = 64 - 32 = 32; 

from which we see that either of the values of x^ viz.: 
x' z=z +4, or a?" = — 8, will satisfy the equation. 

2. What are the values of a; in the equation, 

3a;2 -f 12a; - 19 = - a;2 - 12a5 + 89? 
By transposing the tenns, we have, 

3a;2 + a;2 + 12a; + 12a; = 89 + 19; 

and by reducing, 

4a;2+ 24a; =: 108; 

and dividing by the coefficient of x^^ 

a;2 + Ga; = 27. 



/. 
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Now, by completing the squai-e, 

a;2 + Ga; + 9 = 86 ; 
extracting the square root, 

aj + 3 = ±-v/30 = + 6, and — 6; 
hence, a;' = -f6 — 3 = +3; 

and, a" = — 6 — 3 = — 9. 

VERIFICATION. 

If wc take the plus root, the equation, 
x^+ Gx = 27, 
gives (3)2+ 6(3) = 27; 

and for the negative root, 

a;2 + 6a; = 27, 
gives (- 9)2 + 6(- 9) = 81 - 54 = 27. 

3. What are the values of a; in the equation, 

a;2 — lOa; +• 15 = ~ — 34a + 155 ? 
5 

By clearing effractions, we have, 

6aj2 — 50a; + 75 = aj2 - 170a; + 775; 
by transposing and reducing, we obtain, 
4a:2 + 120a; = 700 ; 
then, dividing by the coefficient of a;^, we have, 

a;2+ 80a; = 175; 
and bj completing the square, 

a;2 4- 30a; -f 225 = 400; 
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and by extracting the square root, 

a + 15 = ity'ioo = + 20, and - 20. 
Hence, a/ = + 6, and o^" = — 36. 

VESIFICATION. 

For the plus value of a^ the equation, 
a' + 30a; = 176, 
gives, (5)' + 30 X 6 = 25 + 160 = 1Y6. 

And for the negative value of a, we have, 

(_ 35)2 ^ 3o(_ 35) -- 1226 — 1050 =r 176. 

4. What are the values of a; in the equation, 

6 2 4 3 12 

Cleaiing of fractions, we have, 

10a;2 - 6aj + 9 = 96 - 8a; - 12a;2 + 273j 

transposing and reducing, 

22a;2 + 2a; = 360 ; 

dividing both members by 22, 

2^2 360 

^22 22 

Add I ^ ) to both members, and the equation bccom»'^ 

^ 22 ^ \22/ 22 ^ \22/' 

whence, by extracting the square root, 

, 1 , /3G0 , / 1 V 

"^■^22 = ^ V"22" + ls»"2)' 



COMPLETE EQUATIONS. 215 

therefore, 

. 1 , y^O , / 1 \^ 

and, «-= -. -L - ./^^(1\\ 

' 22 V 22 ^ \227 

It remains to perform the numerical operations. In the 
first place, 

360 /IV 
22 "^ \22/* 

must bo reduced to a single number, having (22)^ for its 
denominator. Now, 



860 M \2 _ 

22 ■*" \22/ ~" 



860 X 22 + 1 _ 7921 ^ 
(22)2 - (22)2' 



extracting the square root of Y921, we find it to be SJr^j 
therefore, 



/360 / I y _ . 89 
V 22 "^ \22/ ~ 22* 



Consequently, the plus value of x is, 

. 1 . 89 88 , 

22 ^ 22 22 * 

and *he negative value is, 

.,_ _ i _ ?? - _ 1£ . 
" 22 22 ~ "■ 11* 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction. 

Note. — Let the pupil be exercised in writing the roots, in 
Jio last five, and in the following examples, without conv 
pktinff tJie square. 
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/6. What arc the values of x in the equation, 

\J 3a:» + 2x - = VO ? 

. i a' = 6. 



sj 



J 



V 



6. \Vliat are the values of a; in the equation, 

2a;2 + 8a; -f 'Z = -7- - -^ + 197? 
4 



/ V. What arc the values of x in the equation, 
--- + 15 = --8a;+95j? 

( a;"= — 64}. 

8. Wlmt are the values of x in the equation, 



a;^ 5a5 x 

____8 = --7a: + 0i? 



Ans, 



( a;' = 2. 



9. Wliat are the values of x in tlie equation, 



a;^ a? __ a;2 ^ x ,13 
2"4"~5'"~10"*"20 

Ans, 



« a;' = 1. 
U"= - 2}. 



EXAMPLES OF THE SECOND FORM. 

I. Wliat are tlie values of x in the equation, 
a;2 — 8a; 4- 10 = 19? 
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By transpodng, 

»« - 8a5 = 19 — 10 = 9; 
then, by completing the square, 

ar» - 8a5 + 16 = 9 + IS = 26 ; 
/ and by extracting the root, 

85 — 4 = ± y^ = + 5, or — 5, 
Ilence, 

a' = 4 + 5 = 9, and a" = 4 - 5 =: - 1. 

That is, in this form, the larger root, numerically, is 
positive, and the lesser negative. 

VEEIPICATION. 

If we take the positive value of aj, the equation, 

852 — 8aj = 9^ gives (9)» — 8 x 9 = 81 — 72 = 9; 

and if we take the negative value, the equation, 

a? - 805 = 9, gives (- 1)2 — 8 (- 1) = 1 + 8 = 9; 

from which we see that both roots alike satisfy the equa- 
tion. 

2. What are the values of 85 in the equation, 

85^ 85 85* 

- + --15=-+«-14J? 
By clearing effractions, we have, 

6852 + 485 — 180 = 3852 ^ 1285 - 177 , 

and by transposing and reducing, 

3a;2 — 885 = 3 ; 
and dividing by the coefficient of 8;2, we obtain, 



/ 
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Then, by completing the square, we have, 

. 8 , 16 , , 16 25 
3^9 ^9 9' 

and by extracting the square root, 

4 ^ /25 5,6 

Ilcnco, 

^.5 ,^ -,,46 1 

as' = - + - = +3, and a;"= = — -• 

VERIFICATION, 

For the positive root of aj, the equation, 

Q 

gives 32 — -x3 = 9--8 = l} 

3 

and for the negative root, the equation, 
x^-lx = 1. 
/ IV 8 1 1,8 

3. What are the values of as in the equation, 
aj* aj 

Clearing of fractions, and dividing by the coefficient of 
85% we have, 
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Completing the square, we Lave, 

3^9 * ^ 9 36 ' 

then, by extracting the squai'e root, we have, 

/ «-3= =*=V36= +6' ^^ -§5 

heuce, 

05' = - + - = - = 14, and «"=-—- = —-• 
366^' 36 6 



VERIFICATION. 

If we take the positive root of cb, the equation, 
a2 - ^ = 11, 

gives 01)^- I X li = 2J-1 = IJ; 

and for the negative root, the equation, 

85^ - |b = 1}, 

/ 6\2 2 5 25 . 10 45 

^^^ r6)-3^~6 = 36 + 18 = 36 = ^^ 



4. What are the values of » in the equation, 

4a2 - 2a;2 + 2aaj = ISab — ISb^? 

By transposing, changing the signs, and di\dding by 9, 
tlie equation becomes, 

85^ — aaj = 2a2 — dab 4 Oh^ ; 
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whence, completing the square, 

4 4 

extractmg the square root, 

/ Now, the square root of -^ 9aft + 95^, is evidently 

^ - 3ft. Therefore, 

What will be the numerical values of as, if we suppose 
a = 6, and ft = 1? 

6. What are the values of as in the equation. 

Lb - 4 _ a.2 + 2a; - la;2 = 45 - Sa;^ + 4a5? 

o 5 



\f 


. ja/ = 7.12 ) to within 
^^•la:-= -6.73f 0.01. 


i 


6. What are the values of aj in the equation. 


V' 


8a;2 - 14a; + 10 = 2a; + 34 ? 

^^•ia/'=^l. 




7. What are the values of » in the equation, 



-y 



— — 30 + 05 = 2a5 - 22 i 
4 



ul^W, 



(«' = 8. 



y 8. What are the values of as in the equation. 



a;2- 3a; + ^ = 9a; + 13i? 



i a' =9. 
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9. Wliat are the values of a; in the equation, 
2aa; — a;2 = — 2ah — ft^? 



Ans -1^ = 2a + ft. 



10. What are the values of a; in the equation, 



a^ j^jii — 2te + 052 = 



n-* 



Ans. 



7i2 — m2\ '^ / 



EXAMPLES OP THE THIRD FOUM, 

1. What are the values of a5 in the equation, 

352 + 4a5 = — 3 ? 
First, by completing the square, we have, 

a52+4a5 + 4 = — 3 + 4 = 1; 
and by extracting the square root, 

X + 2 =1 ±\^ = + Ij md — li 
I- hence, a5'= — 2 + 1 = — 1; and a5" = — 2 — 1 = — 8. 
That is, in this form both the roots are negative. 

VERIFICATION. 

If we take the first negative value, the equation, 

352 + 4a5 = — 3, 
gives (- 1)2 + 4(- l) = l-4 = -8; 

and by taking the second value, the equation, 

a52 + 4a; = — 3, 
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gives (— sy -f 4( -3) = 9 — 12 = — 3; 

hence, both values of x satisfy the given equation. 

2. WLat are tlie values of a; in the equation, 

— ^ - 6a; - 16 = 12 + ijc* + 6a;? 

By transposing and reducing, we have, 
— a;« — llaj = 28 ; 
then, dividing by -— 1, the coefficient of a;^, we have, 

a;2 + lla; = — 28; 
then, by completing the square, 

x^+ Ux + 30.25 = 2.25; 



hence, a; + 5.5 = ±^2.25 = + 1.5, and — 1.5; 
consequently, a;' = — 4, and x" = — 7. 

3. Wliat are the values of a; in the equation, 

J — -- — 2a; — 5 = -a;2 + 6a; + 5 ? 

/ 8 8 

V . (a/ = -2, 



J 



I 4. What are the values of a; in the equation, 



2x^+ 8a; = - 2| — ^a;? 

u 
A?18, 



( as" = - 4. 



0. What are the values of a: in the equation, 
3 
5'' 



X/ 4a;« + ?a; + 3a; = - 14a; - 3J — 4ar*? 



An8, \ ,, ^' 

( »" = — 2. 



/ 

J 
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6. WLat are the values of x iu the equation, 



3 4a!^ 

4 2 



uln^. 



( iB" = - 8. 



y 



7. WLat are the values of a; in the equation, 
^a2 + 7a5 + 20 = - ?a;2 - llaj - 60 ? 

8^ Wliat are the values of aj in the equation, 



Ix^-x + l = - 0}a; - Ix^ - i? 
6 2 '02 



( a" = - 8. 



v/ 



/ 9. Wbat are the values of a; in the equation, 
o 4 o 4 






( a" = - 



^n«. -I ".. ~ Yo. 



10. Wbat arc tbe values of a: in the equation, 
SB-a:*— 3 — 6a! +1? 

11. What are the vnhios of x in the equation, 
Q^ + 4x — 90 = — 93 ? 



fiXAMPLKS OF THE FOURTH FORM. 

1. What are the values of x iu the equation, 
a;2 - 835 = - 7 ? 
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By completing the square, wo have, 

ar^ - 8aj + 16 = - 7 + 16 = 9; 
then, by extracting the square root, 

85 — 4 = ±y^=+3, and — 3 ; 
hence, a' = +7, and x" ;= + 1. 

That is, in this form, both the roots are positive. 

VERIFICATION. 

K we take the greater root, the equation, 
^2 — 8a5 = — 7, gives, 7^ - 8 x 7 = 49 — 66 == - 7; 
and for the lesser, the equation, 

05^ — 8a; = — 7, gives, 12 — 8x1 = 1 — 8 = — 7; 
hence, both of the roots will satisfy the equation. 

2. What are the values of a; in the equation, 

40 

- IJaj^ + 3a; - 10 = \\x^ - 18a; + ~? 

By clearing of fractions, we have, 

— 3a;2 + 6a; — 20 = 3a;2 - 36a; + 40 ; 

then, by collecting the similar terms, 

— 6a;2 + 42a; = 60 ; 

then, by dividing by the coefficient of a^, which is — 6| 
we have, 

a^ — 7a; = - 10. 

By completing the square, we have, 

x^ — 7a; + 12.25 zr 2.25, 
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and by extracting the square root of both members, 

a; — 3.5 = ± ^2^25 = + 1.5, and — 1.5 ; 
hence, 

a/ = 3.5 + 1.5 = 5, and aj" = 3.5 - 1.5 = 2. 

VERIFICATION. 

K we take the greater root, the equation. 
a2 — 7a; = — 10, gives, 5^ — 7 x 5 = 25 — 35 = - 10; 
and if we take the lesser root, the equation, 
aj2 — Yaj == - 10, gives, 2^ - 7 x 2 = 4 - 14 = - 10. 

3. What are the values of a; in the equation, 

— 3a; + 2aj2 + 1 = i^fa; - 2aj2 - 3 ? 
By transposing and collecting the terms, we have, 
4a;2 — 20|a; = — 4 ; 
then dividing by the coefficient of x\ we have, 

a;2 - 5Ja; = - 1. 
By completing the square, we obtain, 

x^ — 51a; H = — 1 H = — : 

^ ^ 25 ^ 25 25 ' 

and by extracting the root, 
hence. 



, «n . n^ ,12 - 12 



12 12 1 

a/ = 2| + y = 5, and, x" = 2f - -- = -. 

VERIFICATION. 

If we take the greater root, the equation, 
x2 — ^x = — 1, gives, 52 — 5^ X 5 = 'IS — ^^ ^ ~\\ 
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and if wc take tLe lesser root, the equation, 

«^-5Ja: = -1, gives, (-J -5i X - =-^- = -L 



/ 

j 



4. What are the values of a; in the equation, 

^aj2 - 3a; + - = - ?a;2 + -aj — i? 
7 ^2 7 4 4 

Ans, 



ja:' = 3. 
M a/' = J, 



5. What are the values of a; in the equation, 
— 4a52 - ?a; + 1| = - 5x^ + 8x? 

Ans, 



(a/ = 8. 
• ( a/' = f 



- -*a^ + ^« - A = - 3aj2 — -i-as + i? 
20 40 20 40 

Ans, 

I ar- = f 

7. What arc the values of a; in the equation, \ 



6. What are the values of aj in the equation, 

I 

( «" = f 
nation, 
a;2 - lOyVa; = - 1 ? 

8. Wliat are :he values of aj in the equation, 

i 
ixT =z 1. 



Ans. 



ja' =10. 
t as" = i\. 



1 *Ix^ 2a? 

- 2lx ^ --— + 100 = -— + 12a; — 26? 
5 5 



^ Ans, 



\i 9. Wliat are the values of a; in the equation, 

Q/V.2 >7/>»2 

^ 22a; + 15 = - -_ + 28a; - 80 ? 

3 3 

(a;' 



-4w«. -J ",. ' 



y 



10. What are the values of x iii the equation, 

2a2 - 3005 + 3 = - a;2 + Sj^x - ^? 



^^^•lJ'='v 



Piv ^PERTTES OF EQUATIONS 0¥ THE SECOIH) DEGREE. 
FIRST PROrERTY. 

1^1. We have seen (Art. 153), that eveiy complete 
equation of the second degree may be reduced to the form, 

x^+ 2px = q (1.) 

Completing the/squnre, we hav^, 

i 

transposing q -F jp^ to the first member, 

a;2 + 2j?aj + j^j- {q + p") = 0. . (2.) 
Now, since x^ -\- 22yx -f p^ is the square of a? + ^, and 
q + p^ the square of Vq~-\-p^j we may regard the first 
member as the difference beUvecn two squares. Factoring, 
(Ai't. 56), we have, 

(« + /?+ Vq +P^) (a +1? - VshTP) = 0. . (3.) 

Tliis equation can be satisfied only in two ways : 

1st. By attributing such a value to x as shall render the 
first factor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced ? What form will this equation take after completing the square 
and transposing to the first member ? After factoring ? In how many 
ways may Equation ( 3 ) be satisfied ? What are they ? IIow many rootii 
has every equation- of the ec?ond degree ? 
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2d. By attributing such a value to a; as shall i jLdcr the 
second factor equal to 0. 

Placing the second factor equal to 0, we have, 

a +p — \^q+p^ = 0; and »' = —p+ Vq+p^. (4.) 

Placing the first factor equal to 0, we have, 



-hp + Vq-^P^ = ^5 ^^ ^" = —P - Vq +P^' (M 

Since eveiy supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that x' apd a" are roots of Equation ( 1 ) ; also, that 

Every equation of the second degree has two rootSy a9id 
OTtly two. 

Note. — ^Tho two roots denoted by x' and as", are the 
same as found in Art. 158. 

SECOND PROPERTY. 

162. We have seen (Ait. 161), that every equation of 
Uie second degree may be placed under the foim, 

{x + p + -y/q 4- i>^) (»+;>— Vq~+]^) = 0. 

By examining this equation, we see that the fii*st factor 
may be obtained by subtractmg the second root from tho 
unknown quantity x ; and the second factor by subtracting 
th{ijirst root from the unknown quantity a; hence, 

Every equation of the second degree may be resolved into 
two binomial factors of the first degree^ tlie first terms^ in 
both factors^ being the unknown quantity^ and the second 
terms, the roots of the equation^ taken with C07itrary Mgns. 

162. Into how many binomial factors of the first degree may every 
equation of iho second degree be resolved ? What ore th« first terms of 
these factors ? What the second? 
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THIRD PEOPKRTY. 

163. It' we add Equations (4) and (5), Art. 161, we 
have, 

»' = — Jt> + ^/q -h p^ 

x" = — p — ^/q + p^ 

a/ + aj" = — 2p ; that is, 

In every reduced equation of tJie second degree^ the sum 
of the two roots is equal to the coefficicjit of tlie second terrn^ 
taJcen with a contrary sign. 

FOURTH PROPERTY. 

164. K we multiply Equations (4) and (5), Art. 161, 
member by member, we have, 



x' X x^' = {-^p + VqTp^) (-/> - Vql^"") 
= p'^ — {q '\- p'^) = — q\ that is. 
In every equation of the second degree^ the product of 
the two roots is equal to the hnown term in the second mem- 
ber^ takeJi with a contrary sign. 



FOKMATION OF EQUATIONS OF THE SECOND DEGREE. 

165. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, Ave can find the corre- 
sponding equations by the following 

RULE. 

I. Subtract each root from the unknown quantity : 

163. What is the algebraic sum of the roots equal to in every equation 
of the second degree ? 

164. What is the product of the roots equal to? 

165. How will you find the equation when IhQ iQQ\a ^\^\l\x^^\l\ 



J 
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n. Multiply the results together y and place tJieir product 
equal to 0. 

EXAMPLES. 

Note. — ^Let the pupil prove, in every case^ that the roots 
will satisfy the third and fourth propcities. 



/ 



1. If the roots of an equation are 4 and — 6, what is the 
equation? Ajis. q? + x =. 20. 

/ 2. What is the equation when the roots are 1 and — 3 ? 

Ans. Q? +2x = 3. , 
^ 3. What is the equation when the roots are 9 and — 10 ? 
J Ans. x^ + X z= 90. 

.V 4. What is the equation whose roots are 6 and — 10 ? 

-4715. x^ + 4x = 60. 

6. What is the equation whose roots are 4 and — 3 ? 

A71S. x^ — X = 12. 

6. What is the equation whose roots are 10 and — yV ^ 

Ans. 7? — O/^a = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ans. aj^ — 6a; = 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ans. 7? —Wx = 80. 

0. What is the equation whose roots are — 4 and — 5 T 

Ans. aj^ + 9a; = — 20. 

10. What is the equation whose roots are — 6 and — 7 ? 

Ans. a;2 + 13a; = — 42. 

11. What is the equation whose roots are — j and — 2 ? 

Ans. a;2+ 2|a; = — «• 

A 12, What is the equation whose roots are — 2 and — 3 ? 

Ans. a;2 + 5a; = — 6. 



J. 



/ 
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13. What is the equation whose roots are 4 aud 3 ? 

A71S. x^ — 1x = — 12, 

14. What is thi) equation whose roots arc 12 and 2 ? 

A71S, x^ — 14aj = — 24. 

16. What is the equation whoso roots are 18 and 2 ? 

Afis. aj2 — 20aj = — 36. 

16. What ip the equation whose roots are 14 and 3 ? 

Ans, a;^ — 17a; = — 42. 

4 9 

17. What is the equation whose roots are - and — j? 

65 
Ans. Q? + --05 = 1, 
36 

2 

18. What is the equation whose roots arc 6 and — o ^ 

/y Ans, x^ —X = —- • 

/ 3 3 

19. What is the equation whose roots are a and b ? 
y Ans. x^ ^ (a '\- h)x = — ab. 

Y 20. What is the equation whose roots arc c and — c? ? 

Ans, x^ — {c '- d)x=icd. 



V 



TRESrOMIAL EQUATIONS OF TIIE SECOND DEGREE. 

165.* A trinomial equation of the second degree con- 
tains three kinds of terms : 

1st. A term involving the unknown quantity to the second 
degree. 

2d. A term involving the unknown quantity to the first 
degree; and 

3d. A known term. Thus, 

aj2 — 4aj — 12 = 0, 
^ is a trinomial equation cf the second degree. 
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FACrORTNG. 

165.^ What are tlic factors of the trinomial equation, 

a;2- 405 - 12 = 0? 

A trinomial equation of the second degree may always he 
reduced to one of the four forms (Art. ICO), hy simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, fi'om the above equation, we 
have, 

x^ — 4x = 12. 

Resolving the equation, we find the two roots to be +6 
and — 2 ; therefore, the factors are, a — 6, and 35 + 2 
(Art. 102). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken -with a contrary sign, or 
to the tliird term of tlie trinomial, taken with the same 
sign : hence it follows, that any trinomial may be factored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal to the coefficient of the second term^ 
and whose product is equal to the third term, 

EXAMPLES 

1. What are the factors of the trinomial, x^ — Ox — 36? 

It is seen, by inspection, that — 12 and + 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9; that is, the co- 
efficient of the second tcnn with a contrary sign; and 
12 X — 3 = — 3C, the third term of the trinomial ; hence, 
tlie factors are, x — 12, and 25+3. 

X /2. What are the factors of ar* — 7a5 - 30 = ? 

Ans, X — 10, and a 4- 3 
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8. What ai-e the factors of x^ + 15a; + 36 == 0? 
/ An8. X + 12, and a; + 3. 

^^». Wliat arc the factors of aj^ - 12a; - 28 = ? 

Ans, X — 14, and x + 2. 
5. What are the factors of a;^ — 7a; — 8 = ? 

Ans. a; — 8, and a; + 1, 



/ 



TRINOMIAL EQUATIONS OP THE FOEM 
a;2« -f 2,pX^ = q. 

In the above equation, the exponent of a;, m the fii-st term, 
is douLle the exponent of a; in the second term. 

a;6 - 4a;3 -- 32, and a;* -f 4a;2 = 117, 

are both equations of this form, and may be solved by the 
rules ah'cady given for the solution of equations of the 
second degree. 
In the equation, 

a;2'» + 2px^ = (7, 

we sec that the first member Avill become a peifect square, 
by adding to it the square of half the coefficient of a;" ; thus, 

a;2« + 2/?a;» + p^ = q ^^ p\ 

in which the first member is a perfect square. Tlien, ex- 
tracting the square root of both members, we ha^ e, 



hence, a;** = — jp ± ^q + p^\ 

then, by taking the nth root of both members, 



X' = v-7+W+7s 

and a;" = \/- ;? - V-P + 1^* 
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EXAMPLES. 

1. What are the vaUics of aj m the equation, 

afi+ Qx^ z= 112? 
Completing the square, 

JB« + Ca;3 -f 9 = 112 + 9 = 121 ; 
then, extracting the square root of both members, 
jb3 + 3 = ± -v/l21 = ± 11 ; hence, 
x' = y- 3 -f 11, and x" = y- 3 — 11 ; hence, 
aj' = ^ = 2, and a;" = ^/^^Hi = - ^. 

2. What are the values of aj in the equation, 

aj^ - 8a;2 = 9 ? 
Completing the square, we have, 

sc* _ 8a;2 + 16 = 9 + 16 = 25. 
Extracting the square root of both members, 

a;2 — 4 = ± ^/^ = ± 5 ; hence, 

aj' = ± -/4 4- 5, and a;" = ifc -v/4 — 6 ; hence, 

b' = 4- 3 and — 3 ; and a'' = -f -/— 1 and — y^— 1, 

3. What are the values of aj in the equation, 

a^ + 2035'^ = 69 ? 
Completing the square, 

aj« + 20a;3 + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 

a;3 -f 10 = ± yTco = ± 13 ; hence, 
x' = y- 10 -f 13, and a;" = \/- 10 — 13. 
a' = ^, and »" = \/'^^^^. 
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/l. What are the values of aj in the equation, 
(/ a* — 2a;2 = 3 ? 

A918. a/ = ifc -v/3, and x" = ± -/^ 

6. What are the values of aj in the equation, 
aj6 + 8a3 = 9 ? 

Arts, x' = 1, and x" = \f— 9. 

6. Given x + -/9a -f 4 = 12, to find a?. 
Transposing x to the second member, and then squaring, 
9a; + 4 = a;2 — 24aj + 144 ; 
.-. a;2 — 33a; = — 140; 
= 28, and a;" = 5. 



and, x* 

\//7. 4a; + 4v^ 
J 8. a; -f V^ 



4-2 = 7. Am. X* = 4J, x" = J. 



5a; + 10 = 8. Am. x' = 18, a;" = 3. 



NOIERICAL VALUES OF . TIIE ROOTS. 

166. We have seen (Art. 160), that by attributing all 
possible signs to 2/> and q^ we have the four following 
forms: 

a;2+ 22XB = g' (1.) 

a;2 — 2;>a; = g- (2.) 

a;2 -{- "Ipx :=z — q (3.) 

V? — 2px =z ^ q (4.) 

166. To how many forms may every equation of the sccoud degree be 
reduced ? What are they ? 
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First Fonn, 

167. Since q is positive, wo know, from Property 
Fourth, that the product of the roots must bo negative; 
hence, tJie roots have contrary signs. Since the coefficient 
2p is positive, we know, from Property Thii-d, that the alge- 
braic sum of the roots is negative ; hence, the negative root 
is numerically the greater. 

Second Form, 

168. Since q is positive, the product of the roots must 
be negative; hence, tlie roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numericoMy the greater. 

Third Form. ^ 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have tJie same 
sign. Smce 2j) is positive, the sum of the roots must bo 
negative ; hence, both are negative. 

Fourth Form, 

170. Since q is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2p is 
negative, the sum of the roots is positive ; hence, the roots 
are both positive. 

167. What sign has the product of the roots in the first form? How 
are their signs? Which root is numerically the greater? Why? 

168. What sign has the product of the roots in the second form ? How 
are the signs of the roots? Which root is numerically the greater? 

169. What sign has the product of the roots in the third form ? How 
arc their signs ? 

170. What sign has the product of the roots in the fourth form ? How 
are the si":us of the roots ? 



f 
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First and Second Forms, 

ITl. If we make <? = 0, the first form becomes, 

x^ + 2px == 0, or x{x + 2p) = 0; 

winch shows that one root is equal to 0, and the other to — 2jol 

Under the same supposition, the second foi-m becomes, y^ 

x^ — 2px = 0, or x{x — 2p) z= 0; 

jrhich shows that one root is equal to 0,^d the other to )f 
1p. Both of these results are as they should be ; since, when ^ 
J', the product of the roots, becomes 0, one of the factors 
must be ; and hence, one root must be 0. 

Third and Fourth Forms, 

1T2. If, in the Third and Fourth Fonns, <?>Jp^ the 
quantity under the radical sign will become negative ; hence, 
its square root cannot he extracted (Art. 13 '3^). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted ? 

If a given number he divide^ into two 2^arts^ their pro- 
duct will he the greatest possible^ when the parts are equal. 

Denote the number by 2^, and the difference of the parts 
by d\ then, 

p •\- - z=z the gi'eater part, (Page 120.) 
z 

and, p — - =. the less part, 

and, 2>2 _ __ p^ tjieir product. 



171. If we make ^^ = 0, to what docs the first form reduce? "What, 
then, are its roots ? Under the same supposition, to what docs the second 
form reduce ? What are, then, its roots ? 

1*72. If g > /)', in the tliird and fourtli forms, what takes place? 

If a number be divided into two parts, when will the product be the 
groatofit ]»ossil)Jo ? 
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It is plain, that the product P will increase^ as d dimm 
ishes^ and that it Avill be the greatest possible when <? = ; 
for tlieii there will be no negative quantity to be subtracted 
from ^2, in tlie first member of the equation. But when 
d = 0, the parts are equal ; hence, the pi*odiLCt of t/ie tm 
parts is the greatest w/ien they are equal. 

In the equations, 

x^ + 2px = — 2', a;2 — 2px = — g', 

2p is the sum of the roots, and — q their product; and 
hence, by the principle just established, the product q^ 
can never be greater than p\ This condition fixes a limit 
to the value of q. If, then, wo make q^p^ we pass thi? 
limit, and express, by the equation, a condition which cannot 
be fulfilled; and this incompatibiUty of the conditions is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude that, 

W7ien the values of tJie unJenown qicantiti/ are imagiiiary^ 
the conditions of the proposition are incompatible toith 
each other, 

EXAMPLES. 

1. Find two numbers, whose sum shall be 12 and pro 
duct 46. 

Let X and y be the numbers. 

By the 1st condition, x + y = 12 ; 

and by the 2d, xy = 46. 

Tlie first equation gives, 

jc = 12 — y. 

Substituting this value for x in the second, we have, 

122/ - y2 ^ 46 ; 

and changing the signs of the terms, we have, 
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Tlien, by completing the square, 

y2 - I2y + 36 = - 46 + 36 = — 10; 
which gives, y' = 6 + V"— 10, 



aiid, y" = 6 — -/- 10; 

both of which values are ira aginary, as indeed they Bhould 
be, since the conditions are incompatible, 

2. The sum of two numbers is 8, and their product 20: 
what are the numbers ? 

Denote the numbers by x and y. 

By the first condition, 

aj + y = 8; 

and by the second, osy = 20. 

The first equation gives, 

a; = 8 — y. 

Substituting this value of a? in the second, we have, 

8y - 2/2 -- 20 ; 

changing the signs, and completing the square, we have, 

y2- 8y + 16 = -4; 
and by extracting the root, 

y' = 4 + -/^^, and y" = 4 — yCTi. 
Tliese values of y may be put under the forms (Art. 142)| 
y = 4 + 2-/~i, and y = 4 — 2-/— 1. 

8 What are the values of a? in the equation, 
a;2+ 2aj = — 10? 

a;' = — 1 +3 -i/— 1. 



( a;' = — 1 
\x" = - 1 



A71S. , 

aj'' = — 1 - 3-i/— 1. 
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PROBLEMS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then, the equation 
of the problem is, 

205^ + 305 = 65 ; 
whence, 

3 . /65 , 9 3 . 23 

^ = -4=*^vy + i6 = -4=^T- 

Therefore, 

. 3 , 23 ^ - ,, 3 23 13 
a^-_. = 6, and x ' = — — = • 

Both these values satisfy the equation of the problenu 
For, 

2 X (5)2 + 3 X 5 = 2 X 25 + 15 = 65 ; 



„d. .(-H) 



* „ 13 ICO 39 130 



Notes. — 1. If we restrict the enunciation of the problem 
to its arithmetical sense, in which " added »' means numer- 
ical increase^ the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we give to "added," its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 65. 

Tlie second value of x will satisfy this enimciation ; for. 
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3. The root wliich results from giving the phis sign to tho 
radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the aiithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In tliis sense, 
the second root satisfies the enunciation. 



2. A certain person purchased a number of yards of cloth 
for 240 cents. If lie had purchased 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

Tlien, will denote the piice per yard. 

as 

IfJ for 240 cents, he had purchased three yards less, that 

iS, aj — 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by • But, by the condi- 

tions, tills last cost must exceed the fiist by 4 cents. There- 
fore, we have the equation, 

240 240 _ 

aj — 3 JB "" ' 

whence, by reducing: x^ — Sx = 180, 
and, a. = - ± ^- + iso = — — ; 

therefore, a' = 15, and a;" = — 12. 

Notes. — 1, The value, a/ = 15, satisfies the enunciation 
in its arithmetical sense. For, if 15 yards cost 240 cents, 
11 
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2 10 -M 5 = 10 cents, the price of 1 yard ; and 240 -r 12 = 2C 
cents, the price of 1 yard under the second supi)osition, 

2. TJie second vahie of » is an answer to the foUowmg 
Problem : 

A certain person purcliased a number of yards of cloth 
for 240 cents. K he had paid the same for three yards more, 
it would have cost him 4 cents less per yard : how many 
yards did he buy ? 

This would give the equation of condition, 
240 240 

x^ -X Sx = 180; 
the same equation as found before ; hence, 

A single eqimtion will often state two or more arith- 
metical problems. 

This arises from the fact that the language of Algebra is 
more comprehensive than that of Arithmetic. 

3. A man having bought a horse, sold it for |24. At the 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did ho pay for the horse ? 

Let X denote the number of dollars that he paid for tJio 
horse. Then, x — 24 will denote the loss he sustained. But 

as he lost x per cent, by the sale, he must have lost — - 

upon each dollar, and upon x dollars he lost a sum denotod 

by — - ; we have, then, the equation, 

— = 85 — 24 ; whence, x^ — lOOaj = — 2400, 
100 
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and, aj = 50 ± ^2500 - 2400 - 50 ± 10. 

Therefore, a/ = CO, and x" = 40. 

Both of these roots ^vill satisfy the problem. 

For, if the man gave $60 for the horse, and sold him fwT 
[ 124, he lost $36. From the enunciation, he should have lost 
60 per cent, of $60 ; that is, 

160 « ^^ 60 X CO 
-— of 60 = — --— — = 36 ; 
100 100 ' 

cherefore, $00 satisfies the enunciation. 

Had he paid 1*40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 per 
cent, of $40 ; that is, 

40 „ ,^ 40 X 40 

-— of 40 = — -— — = 16 ; 

100 100 ' 

therefore, $40 satisfies the enunciation. 

4. The sum of two numbers is 11, and the sum of their 
l»qiiarcs is 61 : what are the numbers? Arts, 5 and 6. 

6. The difference of two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans. 5 and 8. 

6. A grazier bought as many sheep as cost Inm £C0, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 25. a head on tliose he sold : 
how many did he buy ? Ans, 75. 

' 7. A merchant bought cloth, for which he paid £33 155., 
which he sold again at £2 85. per piece, and gained by the 
bargain as much as one piece cost hhn : liow many pieces 
did he buy? Ans, 15. 

i 8. The difference of two numbers is 9, and their sum, 
'multiplied by the greater, is equal to 2GC: what are the 
numbers? Aus. \Vw\d^, 



K L E M E N T A R Y ALGEBRA. 

9. To find a number, such that if you subtract it from 10, 
\ / and multiply the remainder by the number itself, the pro- 

duct will be 21> Ans. ^ or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
completing the same distance : how many miles did he travel 

^'per hour ? Ans, 1 miles. 

1 1 . A person purchased a number of sheep, for which ho 
paid $224. Had he paid for each twice aa much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

Ans. 32. 

/ 12. The difference of two numbers is 7, and their sum 

/multiplied by the greater, is equal to 139: what are tlio 

numbers? Ans. 10 and 3. 



V 



V 



^ 13. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Aiis, 64 and 36, 

14. Two square courts are paved with stones a foot square; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? Ans, 26 feet 

15. Two hundred and forty doUai-s are equally distribute! 
■ among a certain number of persons. The same sum is agam 

I distributed amongst a number greater by 4. In tlio latter 

^ case each receives 10 dollars less than in the former: how 

many persons were there in each case. Ans, 8 and 12. 

16. Two partners, A and B^ gained 360 dollans. AH 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. J3^s money was GOO dollai^s, 
aud was in trade 16 months: how much capital had A ? 

Ans. 400 dollani. 



J 
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:ONS INVOLTING MOKE THAN ONE UNKNOWN QUANTITY. 

;. Two simultaneous equations, each of the second 
?, and containing two luiknOAVu quantities, will, when 
led, generally give rise to an equation of the fourth 
J. Hence, only particular cases of such equations can 
red by the methods already given. 

FIRST. 

) swiultaneous equationSy involving tioo unJcnovyki 
ItieSy can cdways he solved when one is of the first 
\e other of t/ie second degree, 

EXAMPLES. 

liven i o , o "" , ^^ f to find x and y. 

transposing y in the first equation, we have, 

a; = 14 - 2/; 
r squarmg Loth members, 

a;2 = 196 — 28y + y\ 
stituthig tliis value for x^ in the second equation, w# 

196 - 28y + y^ + y^ = 100; 
^hich we have, 

completing the square, 

3/2 - 14y + 49 = 1 ; 

When may two simultaneous equations of the second degree »» 
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{ 

and by extracting tlic square root, 

2/ - V = ± -/l = + 1, and - 1 ; 
hence, y' = 7 + 1 = 8, and y" = 7 — 1 = 6. 

K we take the greater vahie, we find aj = 6 ; and if we 
take the lesser, we find x = 8. 

j aj' = 8, a/' = 6. ' 
( / = 6, y" - 8 

VERIFICATION. 

For the gi-eater value, y = 8, the equation, 

CB + y = 14, gives 6 + 8 = 14 ; 
and, a;2 ^ y2 _. iqO, gives 36 + 64 = 100. 

For the value y = 6, the equation, 

CB + y = 14, gives 8 + 6 = 14 ; 
and, x2 + y2 = 100, gives 04 + 36 = 100. 
Hence, both sets of values satisfy the given equation. -^ 

2. Given i ^ o ~ . ^ f to find x and y. 

( a.2 __ y2 __ 45 J ^ 

Transposing y in the first equation, we have, 
» = 3 + y; 
then, squaring both members, 

. a;2 = 9 + 6y + y2. 

Substituting this value for x\ m the second equation, we 

have, 

9 + 6y + y2-y« = 45; 

whence, we have, 

Oy -= 36, and y = G. 



Substituting this value of y, in the firat equation, we have, 
85 — 6 = 3, 
and, consequently, a' = 3 + 6 = 9. 

VERIFICATION. 

85 — y = 3, gives 9 — 6 = 8 ; 
and, ^^ y2 = 45, gives 81 — 30 = 45. 

/Solve the following simultaneous equations : 
\ a?— y2 = 24 ) \y' = 5. 

*• \ 0?+ y^ = m \ ^"'- -j y' = 6, y"= - 9. 

IX + y = 9 •, ex' = 5, "= 5. 

•" i x^- 2xy + yi= if ^"*- \y' = 4, y"= 4. 






6 j^-y = ^ I 

* ( a:2^ 2a;y + y^ _ 225 J 



x' = 10, 85"= - 6. 



(«' = 10, x"= - 
^'**- i y = 5, y"= - 10. 



SECOND. 



1741. Two sinvidtaneous e<piations of the second degree^ 
which are homogeneous with respect to the unknown qvxvnr 
titf/y can always he solved, 

EXAMPLES. 

1. Given j'^tfyrf, .„ iH 

( x^ + ^xy + 2y2 = 40 (2.) 

to find X and y. 

174. When may two simultajLCOus cqnitions of the second degree be 
80 Wed ? 
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Atwumc X =: ti/y t being any auxilLaiy unkno^vn quantity. 
Substituting this value of x in Equations ( 1 ) and ( 2 ), 
we have, 

22 
<V + sty' =22, .-. y^= WTst' ^^'^ 

40 
iV + 3«y2 + 2y2 ^ 40, .'. y^ = ^—^—-. (4.) 

, 22 40 

hence, 



t'^ + 3t t^+ St + 2' 
hence, 22^^ + (5(5^ + 44 = 40^^ + i20«; 

22 
reducing, i^ ^. 3^ -. . 

whence, i' = -, and «"= ■— —• 

o o 

Substitutmg eitlier of these values in Equations ( 3 ) or 
( 4 ), we lind, 

y' = 4. 3, and y" = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 
have, 

a;2 + 9a; = 22 ; 
from wliich we find, 

jc' = -{- 2, and a" = — 11. 

If we take the negative value, 2^" = — 3, wo ha/e, 
from Equation ( 1 ), 

a;2 — 9a; = 22 ; 
from which we find, 

a;' = + 11, and x" = — 2. 

VKRIPICATION. 

For the values y' = +3, and a;' ^ +2, the giveu 
equation, 

a;2 + 3a;y = 22, 
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gives, 22 +3X2X3 = 4 + 18 = 22; 

and for the second value, aj" = — 11, the same equation, 

aj2 + dxy = 22, 
gives, (- 11)2+ 3 X — 11 X 3 = 121 - 99 = 22. 

IfJ now, we take the second value of y, that is, y" = — 3, 
and the corresponding values of a, viz., jc' = +11, and 
aj" = — 2 ; for jc' = + 11, the given equation, 

a;2 + 3x7/ = 22, 
gives, '112 + 3 X 11 X - 3 = 121 - 99 = 22; 
and for aj" = — 2, the same equation, 

a;2 + 3icy = 22, 

gives, (- 2)2 + 3 X - 2 X - 3 = 4 + 18 = 22. 

The verifications could be made in the same way by em- 
ploying Equation ( 2 ). 

Note. — ^In equations similar to the above, we generally 
findJbut a single pair of values, corresponding to the values 
in this equation, of y' = + 3, and a;' = + 2. 



J 



iThc complete solution would give four pairs of values. 

2 ( ar' - y^ = - 9 ^ ^^ ( a; = 4. 

' \y^-xi/ z= 5 [ \ij = 5. 

/^ {2a? + Zxy = 470 ) . ( a = 10. 

- Zy^ = 32 J ^vs i =" = ^• 



y i5xy- 

n* 
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rillBD. — PAKTICULAB GASES. 

175. Many other equations of the second degree maybe 
BO transformed, as to be brought under the rules of solution 
already given. The seven following formulas will aid io 
such transformation. 

(1.) 
When the sum and difference are known: 



X + ij = 8 
X •— 1/ = d. 

Then, page 132, Example 3, 



/ 



s + d 1,1, , 8 — d 1 1- 

V' = — 7: — = -s + -a , and y = = -« — A 

2 22' ^ 2 22 

(2.) 
When the sum and product are known: 

x+ y = 8 (1.) 

ay = i^ (2.) 

a;2 + 2xy + y^ = s\ by squaring ( 1 ) ; 
4x7/ = 4py by mult. ( 2 ) by 4. 

«2 — 2Qcy + y^= 52 — 4/>, by subtraction. 



X — y =z ± -y/52 — Apy by ext. root- 
But, 85 + y = 5; 
hence a; = - ± - \^s'^ — 4p\ 

2 2 
8 _ 1 



and, 2/ = 2 ^ 2 V«' - ^i^- 

175. What is the first formula of this article? What the second? 
Third? Fourth? Fifth? Sixti ? Seventh? 
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(3.) 

When the difference and product are known: 

jc - ^ = t? (1.) 

^y = p (2.) 

x^ — 2xy + 2/2 --- ^2^ \yy squaring ( 1 ) ' 

4a;y = 4/?, mult. ( 2 ) by 4. 

7? + 2xy -f y' = c?2 4- 4/?, by adding. 

X -\- y = ± y/<P- + \p 

« - y = <^ 



4.) 
When the sum of the squares and product are known . 
sb2 4- y2 = 8 . . (1.) a^=jo..(2.) .'. 2jc3/ = 2/? . . (3.) 
Adding ( 1 ) and ( 3 ), a^ _|_ 2icy -f yz _. s + 2p\ 

hence, a; + y = ± -^A + ^p (4.) 

Subtracting (3) from ( 1 ), sc^ — 2«?/ + y^ __ g ^2p; 

hence, sc — y = ± ys — 2/> (6.) 

Combining (4) and (6), a; = ^^s + 2p + ^^s — 2jp, 

»nd, y = J-v/s 4- 2/9 — iVs — 2p. 

YiThen the sum and sum of the squares are kno^vn : 

a + y = 5 (1.) 

a;2 4- 2/2 -- 5/ (2.) 

05* + 2xy -^ y^ z= s^ by squarmg ( 1 ) 

2xy =z 52—5' 

«^ — 5' , ^^ 
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By putting xy = /?, and combining Equations ( 1 ) and 
(3 ), by Fonuula (3), wo find the values of x and y. 

(6.) 
Wlien the sum and sum of the cubes are kno^vn : 

aj + 2/ = 8 .... (1.) 
a3+ 2/3 ^ 152 . . . . (2.) 

7? + Z7?y + Sxy^ 4- y3 = 512 by cubing ( 1 ). 

3jc2y + 3JC2/2 -^ 3(50 by subtraction. 

3x}/{x H- y) = 360 by fiictoring. 

3a5y(8) = 360 from Equa. ( I ). 

24a;y = 360 

hence, jcy = 15 .... (3.) 

Combining (1 ) and ( 3), we find a r= 5 and y = 8 

When we have an equation of the form, 

{x + vY + (a + y) = fi'. 
Let us assume a; + y = 2. 
Then the given equation becomes, 

z^ + z =z q\ and 2 = - - ± yj q + -. 



x + y = -i±0^, 



EXAMPLES 

(1) 



( a;2 4- y^ 4- s2 = 21 



1. Given -jaj-fy+g^: 7 ( 2) [^tofiiid a?, y, audfc 
= 21 (3) 
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Transposing y in Equation ( 2 ), we have, 

as + 2 = 7 - y; ... (4.) 

then, squaring the members, we have, 

x^ •\- 2xz ■\- ^ z=. 49 — 14y + y^. 

If now we substitute for 2a;2, its vahie taken from Equa- 
tion (1 ), we have, 

a.2 _|_ 2^2 + s2 -- 49 __ i4y ^ y2 . 
and cancelling y^, in each member, there results, 
JC^ + 2/^ + 22 = 49 - 14 y. 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence. 





49 - 14y = 21, 


and. 


14y = 49 — 21 = 28, 


hence. 


28 
2/ = ^, = 2. 



Substituting this value of y in Equation (1 ), gives, 
aj3 = 4 ; 
and substitutmg it in Equation ( 4 ), gives, 

a; + s = 5, or a; = 5 — 0. 

Substituting this value of cc, in the previous equation, we 

obtain 

5s — 25^ = 4, or £2 _ 52 __ _ 4 . 

and by completing the square, we have, 

s2 - 52 + 6.25 = 2.5, 

and, s — 2.5 = ±^/^ = + 1.5, or — 1.5 

hence, g = 2.5 -f 1.5 = 4, and % •=. -V 'i*^ — "V»^ — V 
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2. Given X -f- ^/xy H-y=10)^£j , 

1 ^7 I 2 no- f to find SB and y. 

and aj2 _|. jcy + y^ = 133 ) ^ 

Dividing tho second equation by the first, we haye, 
X — ^fxy -{- y z= 1 
but, a; + V^ 4- y = 19 

hence, by addition, 2a; + 2y = 26 

or, a; + y = 13 

and substituting in 1st Equa., y^ + 13 = 19 
or, by transposing, -y/xy = 6 

and by squaring, a;y ::;= 36. 

Equation 2d, is a;^ + ay -f y^ r= 133 

and from the last, we have, 3ay =108 

Subtracting, x'^ — 2ay + y^ = 25 

hence, a; — y = d= 6 

but, a; -f y = 13 

tience, aj = 9 and 4 ; and y = 4 and 9. 



PROBLEMS. 

1. Find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let X and y denote the numbers ; then, 

a; + y = 15, (1.) and x^ -{- y^ z= 113. (2.) 

From Equation ( 1 ), we have, 

a;2 = 225 — 30y + y* 

Substituting this value in Equation ( 2 ), 

225 — 30y -{- y^ + y^ = 113; 
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hence, 2^^ _ 30^ -. _ 112; 

y'^ - loy = — 56, 

hence, y' = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives a;' = 7 ; and the second, x" = 8. Hence, the num-> 
bers are 7 and 8. 

2. To find two numbers, such that their product added to 
tlieir sum shall be 17, and their sum taken from the sum of 
their squares shall leave 22. 

Let X and y denote the numbers; then, fi-om the con- 
ditions, 

(a; + 2/) +Jcy = 17. ... (1.) 

a^ + y^- (a + y) = 22. . . . (2.) 

Multiplying Equation ( 1 ) by 2, we have, 

2a;y + 2(a; + y) = 34. . . . (3.) 

Addmg ( 2 ) and ( 3 ), we have, 

a;2 + 2a;y + y2 + (a; + y) = 56 ; 

hence, {x + y)2 + (a; + y) = 66. . . (4.) 

Regarding (cc + y) as a single unknown quantity (page 
248), 

« + y = - ^ ± \/56 + i = 7. 

Substituting this value in Equation ( 1 ), we have, 

7 + jcy = 17, and y = 5. 
Hence, the numbers are 2 and 5. 
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3. What two numbers are those whose sum is 8, and sum 
their squares 34 ? Ana. 5 and 3. 



J 

J 
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4. It is roquirocl to find two such numbers, that the first 
Bhall be to the second as the second is to 16, and the sum ol 
whose squares shall be 225 ? Ans. 9 and 12. 

5. What two numbers are those which are to each othei 
as 3 to 5, and whose squares added together make 1666 ? 

A71S. 21 and 35. 



J 

J 



6. There are two numbers whose difference is 7, and half 
tlieir product plus 30 is equal to the square of the less 
number: what are the numbers? Ans, 12 and 19. 

7. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Aiis. 2 and 3. 

8. Wliat two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132? Ans, 14 and 8. 



J 



9. Divide the number 100 into two such parts, that the 
\J product may be to the sum of their squares as 6 to 13. 

Ans, 40 and 60 

10. Two persons, A and J5, departed from different placejj 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than B ; and that A could have gone S^s journey in 15 J 
days, but B would have been 28 days in performing Ay% 
journey : how far did each travel ? . { A^ 72 miles. 

' I By 54: miles. 

; 11. There are two numbers whose difference is 15, and 

V half their product is equal to the cube of the lesser number : 

what are those numbers ? A7iS, 3 and 18. 

/ 

yl2. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi'i 
plied by the less, is equal to 12 ? 

Ans, 4 and 7, or | y^ and y -v/2. 
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y 13. Divide 100 into two such parts, that the sum of tlicir 
Muaro roots may he 14. Am. 04 and 30. 

/ 14. It is required to divide the number 24 into two such 
f parts, tliat their product may be equal to 35 times their dif- 

/reuce. An8, 10 and 14. 

15. The simi of two numbers is 8, and tlie sum of their 
cubes is 152 : what are the numbers ? Ans, 3 and 5. 

10. Two merchants eacli sohl the same kind of stuff; tho 

second sold 3 yards more of it than the first, and together 

they receive 35 dollars. Tlie first said to the second, " I 

would have received 24 dollars for your stuff;" tho other 

rci)lied, "And I shoidd have received 12^ dollars for yours :" 

how many yards did each of them sell ? 

. j 1st merchant a' = 15, a" = 5. 

Ans, "J ^ , ,. , , « or, ,, 

( 2d " y' = 18, ' y" = 8. 

17. A ^vidow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 

/that the incomes from them were equal. If she had put out / 
the first i>oi*tion at the same rate as the second, she would Y. 
have drawn for this part 3C0 dollars interest ; and if she ' 
had placed the second out at the same rate as the first, she 
woul^ have drawn for it 490 dollars interest: what were 
the two rates of interest ? Ans, 7 and per cent. 

/ 18. Find three numbers, such that the difference between 
the third and second shall exceed the difference between the 
Bccond and first by 6 ; that the sum of the numbers shall bo 
83, and the sum of their squares 407. 

Ans, 5, 9, and 19. 

/ 19. What number is that which, being divided by tho 

/ product of its two digits, the quotient will be 3 ; and if 18 

f be added to it, the resulting number will be expressed by 

the digits inverted ? Ans, 24. 



v/ 20 
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20. What two numbers are those which are to each other 
as m to ;/, and the sum of whose squares is 6 ? 

m^/h n-Jh 

A?is. . — = , — = • 

21. What two numbers are those which are to each other 
as Wi to 11^ and the difference of whose squares is ^ ? 

22. Required to find tliree numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
tlie first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ans, 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
between the third and second. Ans. 3, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second sliall be equal to a; the product of 
the first and third equal to 6 ; and the sum of the squares 
of the second and third equal to c. 






X = 




:D 



Ans, -" 



/ 



= a^. 



a« + ft» 



^ 25 Wlial two numbei-s are those, whose sum, multiplied 
/ by the greater, gives 144 ; and whose difference, multipUed 
•/ «*ytlioless,gu-csl4? ^^ gj 
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CHAPTER IX. 

OP PTvOPOKTIONS AND PROGRESSIONS. 

lyo. Twc quantities of the same kind may be compared, 
tlio one with the otlier, in two ways : 

1st. By consideiing hoio much one is greater or less than 
the other, which is shown by their difference; and, 

2d. By consideruig hoio many times one is greater or less 
than the other, which is show^i by their quotient. 

Thus, in oomparuig the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in comparing them together with respect to their quo- 
tient, we find that 12 C07itai7is 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith' 
metical Proportion^ and the second. Geometrical Propor- 
tion, 

Hence, Arithmetical Pro2)ortio7i considers the relation of 
quantities with respect to their difference^ and Geometrical 
Proportion the relatio?i of quantities with respect to their 
quotient. 

176. In how many ways may two quantities be compared the one with 
the other? What docs tlie first method consider? "What the second? 
What is the first of these mctliods called? What ia the second called? 
Uow then do you define the iwo proportions ? 
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OP AlWTiniEnCAL PKOrORTION AND PEOGRESSION. 

177. If WO have four iiumLcrs, 2, 4, 8, and 10, of which 
the difference between tlie first and second is equal to 
the difference between the third and fourth, these numbers 
are said to be in arithmetical proportion. The first term 2 
is called an antccedefiit^ and the second term 4, with which 
it is compared, a co7isequenL The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

Wlien the difference between the first and second is equal 
to the difference between the third and fourth, the four 
numbers are said to be in proportion. Thus, the numbers, 
2, 4, 8, 10, 

are in arithmetical proportion. 

178. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is called an aritTv- 
metical progression. Hence, a progression by di^ere7iceSj 
or an arithmetical progression^ is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 26, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 

177. When are four numbers in arithmetical proportion? What is the 
first called? What is the second called? What is the third called f 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
by which the terms are increased or diminished ? What is an increasing 
progression? What is a decreasing progression? Which term is only 
an antecedent ? Which only a consequent ? 
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the first is called an increasing progression^ of which the 
common difference is 3, and the second, a decreasing pro- 
gression^ of which the common difference is 4. 

In general, let a, 5, c, c7, e, /, . . . denote the terms of 
a progression by differences; it has been agreed to write 
' tliem thus : 

a.h,c,d.e.f,g.h.i.k... 

This series is read, a is to J, as 5 is to c, as c is to <?, as d 
is to e, &c. This is a series of continued equi-differences^ in 
which each term is at the same. time an antecedent and a 
consequent, with the exception of the first term, which is 
only an antecedeiit^ and the last, which is only a co^iseqtcent. 

lyo. Let d denote the common difference of the pro- 
gresion, 

a,b,c,e,f.g,h. &c., 

which we will consider increasing. 

From the definition of the progi-ession, it evidently fol 
lows that, 

6 = a4-c7, c =z b + d z= a + 2dy e=zc + d— a-^- Zd\ 

and, in general, any term of the series is equal to the first 
term^ plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this ge7ieral tci'm is, 

^ = a + (^i — 1)^. 
Hence, for finding the last term, we have the following 

1*79. Give the rule for finding the last term of a series when the pro- 
gression is increasing. 
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RULE. 

I. Multqyly the common difference by the number oj 
terms less one: 

II. 7b the 2>roduct add the first term ; the sura will be 
the last tei'm, 

EXAMPLES. 

Tlie formula, 

^ = a + (n — l)dj 

senses to find any term whatever, without deteraiinmg all 
those which precede it. 

1. .K we make 71 = 1, we have, I z= a; that is, the 
seiies will have but one term. 

2. Kwe make w = 2, we have, I = a + d; that is, 
the series will have two terms, and the second term is equal 
to the first, plus the common difference. 

3. If a = 3, and t^ = 2, what is the 3d term? 

A71S. 7, 

4. If a = 5, and <? = 4, what is the Gth term? 

Ans. 25. 

6. If a = 7, and d = 5, what is the 9th term? 

Ans. 47. 

6. If a = 8, and c? = 5, what is the 10th tenn? 

Ans. 53 

1. If a = 20, and (7=4, what is the 12th term? 

Ans. 64. 

8. K a = 40, and d = 20, what is the 50th term ? 

A71S. 1020. 

If a = 45, and d = 30, what is the 40th term ? 

A?is, 1215. 
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10. If a = 30, and d = 20, what is the 60th term? 

A71S, 1210. 

11. If a = 50, and c7 = 10, what is the 100th term? 

Ans. 1040. 

1 2. To find the 50th term of tlie progression, 

1 . 4 . Y . 10 . 13 . 16 . 19 . . . 
we have, ^=1-1-49x3 = 148. 

13. To find the 60th teim of the progression, 
1 . 5 . 9 . 13 . lY . 21 . 25 . . . 
we have, ?=l + 59x4=: 237. 

ISO. If the progression were a decreasing one, we 
should have, 

I z= a — {n — l)d. 

Hence, to find the last term of a decreasing progi-ession, we 
have the following 

BULB. 

I. Midtiply the common difference hy the number oftermB 
less one : 

n. Subtract the product from the first term ; the re- 
mainder will be the last term, 

EXAMPLES. 

1. The first term of a decreasing progression is 60, the 
niitnber of terms 20, and the common difierence 3 : what \a 
tlie last term ? 

/=:a— (n — l)f?, gives ;= 60 — (20— 1)3 = 60 — 57 = 3. 

180. Give the rule for finding the last terra of a scries, in hen th«» pro- 
gression is decreasing. 
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2. The first term is 90, the common difference 4, and the 
number of terms 15 : what is the last tenn ? Ans. 34. 

3. The first term is 100, the nmnber of terms 40, and the 
common difference 2 : wliat is the last teim ? Ans. 22. 

4. The first term is 80, the number of terms 1 0, and the 
common difference 4 : what is the last term ? Ans. 44. 

6. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105." 

6. The first tenn is 800, the number of terms 200, and 
the common difference 2 : what is the last term ? 

Ans. 402. 

181. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two tenns^ taken at 
equal distaiices from the tico extremes^ is eqtial to the sum 
of the tioo extremes. 

Tliat is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or 6 + 8, 
is equal to the sum of the two extremes, 2 and 12. 

Let a . 6 . c . 6 . / . . . i . k . I, be the proposed 
progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

181. In every progression by differences, what is the sum of the two 
extremes equal to? What is the rule for finding the sum of an arith 
mctical scries? 
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X = a + p X dy 
and, y =: I ^p X d; 

whence, by addition, x + y z=z a + ly 
which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then y will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, wiite the terms, as below, and then 
again, in an inverse order, viz. : 

a.b.c.d,e.f...i.k.l 

I , k . i c . b . a. 

Calling S the sum of the terms of the first progression, 
2S will be the sum of the tenns of both progressions, and 
we shall have, 

2S={a+l) + {b+k) + {c-\-i) . . . +{'^+c)+{k+b) + {l-ha). 

Now, since all the parts, a + ^, 5 + ^j c + i . . . are 
equal to each other, and their number equal to w, 

2/Sf = (a + X n, or S = (^^y" ) ^ ^' 

Hence, for finding the sum of an arithmetical series, we 
have the following 

RULE. 

I. Add the two extremes together ^ and take half their sum : 
n. MifUiply this half -sum by the number of terms ; the 
product will be the sum of tJie series. 
12 



i 

J 
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EXAMPLES. 

1. The extremes are 2 and 16, and the number of tcrma 
8 : what is the smn of the series ? 

S = (^-)xn, gives S = ^ X 8 = 72. 

2. Tlie extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? A?is, 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series ? A9is, 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the sei-ies ? Ans. 12000. 

5. The extremes are 500 and 60, and the number of terras 
20 : what is the sum of the series ? A?is. 5600 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series ? A?is. 50000. 

1§2. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a, 

2d. The common difference, d. 

3d. The number of tenns, n. 

4th. The last term, I. 

5th. The sum, S. 

The fonnulas, 

I =z a + {n -- 1)^, and S = |— — J x w, 

contain five quantities, a, t7, w, I, and S^ and consequently 
give rise to the following general problem, viz. : Any three 

182. How many numbers are considered in arithmetical proportion? 
What are they ? In every arithmetical progression, what is the commoD 
difference equal to V 



AUITHMETICAL rROGKESSION. 267 

of these jive quantities being giveriyto detemii?ie the other 
two. 

Wo already know the value of S m terms of a, 7i, and I, 
From the formula, 

I = a + {n — 1)^, 
we find, a = ^ — (71 — l)d. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last tertn^ minus tJie product of the 
common difference by the number of terms less one. 

From the same foimula, we also find, 

I — a 



d = 



7i — 1 



That is : In any arithmetical progression^ the common dif- 
ference is equal to the last term., minus the first term, divided 
by th^e number of terms less one. 

The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 

Tlie fonnula, d = 

16-4 
gives, d = — 2 — = 3. 



c/ 



2. The last term is 22, the first term 4, and the number 
of terms 10 : what is the common difference? Ans, 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

183. IIow do you find any number of arithmetical means between two 
jiflvcn numbers? 
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To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, h as the last teim, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, h for ^, and , 
m + 2 for 71, it becomes, 

, _ h — a 5 — g ^ 

"" m + 2 — 1 "" m + 1 ' 

tliat is : The common difference of the required progression 
is obtained by dividing the difference between the given 
numbers^ a and b, by the required number of means pk^s 07ie. 

Having obtained the common difference, rf, form the second 
term of the progression, or the Jlrst arithmetical mean^ by 
adding d to the first term a. The second mean is obtdned 
by augmenting the first mean by e?, &c. 



1. Find three arithmetical means 
2 and 18. 

The formula, d = --7 , 

m + 1 


between the extremes 


gives, d = 


18 - 

4 


2 _ 


4; 


hence, the progression is. 








2 . 6 


. 10 


. 14 . 


18. 


2. Find twelve arithmetical : 


means 


between 12 and 77. 


The formula, d 


■" m 


— a 

+ 1' 




gives, d =. 


11 - 
13 


12 


= 6; 


hence, the progression is, 








12 . 17 . 


22 . 


2Y . 


. . 11. 
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184. Remaek. — ^If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, wiU 
form one and the same progression. 

For, let a .b .c .e ,f , . . be the proposed progression, 
and m the number of means to be inserted between a anJ 
b^ b and c, c and e . . . . &q. 

From what has just been said, the common difference of 
each partial progression will be expressed by 

b — a c •— b e — c 
m + 1' m -f 1' m -f 1 "• 

expressions which are equal to each other, since a, ^, c . . . 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the fii^st fonns the Jirst term of the second, &c., we 
may conclude, that all of these partial progressions form a 
single progression. 

EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 60th term, we have, 

Z = 2 + 49 X 7 = 345. 

Hence, 5 = (2 + 346) x ^ = 347 x 25 = 8G75. 

V 2. Find the 100th t«nn of the series 2 . 9 . 16 . 23 . . . . 

A71S, 695. 



/ 3. Fi 
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Find the sum of 100 terms of the series 1.3.6.7. 

Ans, 10000. 

r 



y 



J 



elumentaey algebba. 

4. Tlic greatest terra is 70, the common difference 3, and 
the number of terms 21 : ^vhat is the least term and the 
of the series ? 

Ans. Least term, 10 ; sum of series, 840. 

6. The first tcim is 4, the common difference 8, and the 
number of terms 8 : what is the last tenn, and the sum of 
the series ? Ans, j Last term, 60. 

t Sum = 256. 

6. Tlic firet term is 2, the last term 20, and the number 
of terms 10 ; what is the common difference ? Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? Ans. 4 . 7 . 10 . 13 . 16 . 19. 



8. The first tenn of a decreasing arithmetical progression 

i/ is 10, the common difference one-third, and the number of 

terms 21 : required the sum of the series. Ans, 140. 



7 



9. In a progression by differences, having given the com- 
mon difference 6, tlie last term 185, and the sum of the 
terms 2945 : find tlie first term, and the number of terms. 

Ans, First term = 5 ; number of terms, 31. 

10. Find nine aritlimetical means between each antecedent 
and consequent of the progression 2. 5. 8. 11. 14... 

Ans, Common diff., or c? = 0.3. 

11. Find the number of men contained in a tnangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the w'^, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to n inclusively. 

Ans. S = ?^±J). 
2 

/ 12. Find the sum of the ;i first terms of the progression 
^ of uneven numbers, 1.3.5.7.9,... Ans, S ■=: n\ 
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13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how for will 
a person travel who sliall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



GEOMETRICAL PROPORTION AND PROGRESSION. 

1§5. Hatio is the quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and have the same 
unit, the ratio of 3 to 6 will be expressed by 

!-• 

And m general, if ^ and J5 represent quantities of the same 
kind, tlie ratio of ^ to i? will be expressed by 

B 

A' 

186. Tlie character a indicates that one quantity is 
proportional to another. Tlius, 

A cc B, 
is read, A proportional to B, 

If there be four numbers, 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourtli divided by the third, the numbers are 

185. Wlmt 19 ratio? What is the ratio of 3 to 0? Of 4 to 12? 

186. What is proportion? IIo>7 do you oxpress tliat four numbers 
•TO in proportion ? What are the minibcrs called? What arc tlio first 
Aud fourtli terms cillcd ? What tlic second and tliird ? 
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said to form a proportion. And in general, if there be foui 
quantities, A^ By (7, and 2>, having such values that, 

B _ D 

A" C 

then, A is said to liave the same ratio to B that C has to 2>; 
or, the ratio of -4 to -B is equal to the ratio of (7 to D. 
When four quantities have this relation to each other, com- 
pared together two and two, they arc said to foro a geo- 
metrical proportion. 

To express that the ratio of -4 to J? is equal to the ratio 
of C to 2>, we write the quantities thus, 

A I B \i C \ D\ 

and read, ^ is to i? as GtoB. 

The quantities which are compared, the one with the 
other, arc called teriiis of the proportion. Tlie first and last 
terms are called the two extremes^ and the second and third 
terms, the two means. Thus, A and B are the extremes, 
and B and the means. 

187. Of four tei-ms of a proportion, the first and tliii'd 
are called the antecedents^ and the second and fourth tlie 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and B and B the con- 
sequents. 

ISS. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

1 87 . In four proportional quantities, what are the first and third called ? 
What the second and fourth ? 

1 88. When arc three quantities proportional ? What is the middle one 
culled? 
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third ; and then the middle term is said to he a mean pro- 
portional hetween the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional hetween 3 and 1 2. 

189. Four quantities are said to he in proportion hy i'n- 
version^ or inversely^ when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : ; 8 • 16, 
the inverse proportion would he, 

6 : 3 : : 16 . 8. 

190. Quantities are said to he in proportion hy alterna- 
tion^ or alternately^ when antecedent is compared with ante- 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 

the alternate proportion would he, 

3 : 8 : : 6 : 16. 

10 1. Quantities are said to he in proportion hy compo- 
sition^ when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion, 

2 : 4 :: 8 : 16, 

189. When are quantities said to be in proportion by inversion, or in 
Tersely ? 

190. Wlien are quantities in proportion by alternation ? 

191. When are quantities in proportion by oomposition ? I 

12* 
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the proiK)rtion by composition would be, 

2 + 4 : 2 : : 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by dlvisioyi^ 
when the difference of the antecedent and consequent is 
compared cither with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division will be, 

9 — 3 : 3 : : 36 — 12 : 12; 
and, 9 — 3 : 9 : : 36 — 12 : 36; 

193. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 6, and mul- 
tiply them both by any nimiber, as 9, the equi-multiples will 
bo 54 and 45 ; for, 

6 X 9 = 54, and 5 X 9 = 45. 

Also, m X Aj and m x By are equi-multiples of A and 
j5, the common multiplier being m, 

194. Two quantities A and i?, which may change their 
values, are reciprocally or i7iversely proportional^ when one 
is proportional to unity divided by the other^ and then their 
product remains constant, 

192. When arc quantities in proportion by division ? 

193. What arc equi-inultiplos of two or more quantities? 

194. When are two quantities said to be reciprocally proportional ? 
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We express this reciprocal or inverse relation thus, 
A oci. 
in which A is said to be inversely proportional to 2?. 

195. If we have the proportion, 

A : J^ :: C : B, 

we have, -j = --^, (Art. 186); 

and by clearing the equation of fractions, we have, 

BO = AD. 

That is : Of four lyroportioiial quantities^ the prodicct of 
the two extremes is equal to the product of the two means. 

Tliis general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2 x 60 = 10 x 12 =: 120. 

196. If four quantities, A^ JB^ (7, Z>, are so related to 
each other, that 

A X D = JB X O, 

we shall also have, — = -^^ ; 

A G 

and hence, A : B : : O : D. 

That is : If the product of two quantities is equal to the 
product of two other quantities, two of tJiem may he made 
the extremes^ and the other two t/ie means of a proportion. 

195. If four quantities are proportional, what is the product of the two 
means equal to ? 

196. If the product of two quantities is equal to the product of two 
Other quantities, may the four be placed in a proportion ? How f 
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Thus, if we have, 

2x8 = 4x4, 
we also have, 

2 : 4 : : 4 : 8. 

197. If we have three proportional quautitiea, 

A: B ,: B : C, 

B O 
wo have, A ^ B' 

hence, B^ =i AC. 

That is : If three quantities are proportional^ the square oj 
the middle term is equal to the product of the two extremes, 

Tlius, if we have the proportion, 

3 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 62 = 3 X 12 = 36. 

198. If we have, 

A : B : I C \ D^ and consequently, -j = y^, 

n 

multiply both members of the last equation by -jz^ and 

we then obtain, 

G __B 
A '^ B' 

and, hence, A : C :: B : B, 

Tliat is : Iffoxvr quantities are proportional^ they vnU be 
in projoortion by alternation. 

197. If three quantities are proportional, what is the product of the 
extremes equal to ? 

198. If four quantities arc proportional, will they be m proportion by 
fdtcruation ? 
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Let us take, as an example, 

10 : 15 : : 20 30. 

We shall have, by alteniating the terms, 

10 : 20 : : 15 : 30. 

1 99. If we have, 

A : B :: C : D, and A : B :: E: F^ 

we shall also have, 

B D ^ B F 

-J = -^, and 2 = -^; 

T) W 

hence, Tt = -^j and C \ D w E \ F. 

That is: If there are two sets of 'proportions havmg an an- 
tecedent and consequent in the one^ equal to an antecedent 
and consequent of the other^ the remaining terms will he 
proportional. 

If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

200. If we have, 

A : B : : C : 2>, and consequently, -j = --^, 

we have, by dividing 1 by each member of the equation, 

A G 

-= r= -_r , and consequently, B : A :: B : C. 

199. If you have two sets of proportions having an antecedent and con- 
sequent in each, equal ; what will follow ? 

200. If four quantities are in proportion, will they bo in proportion 
when taken inversely ? 
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That Is : Four pro2yortloncd quantities will he in proportion^ 
to/ten taken inversely. 

To give an example in numbers, take the proportion, 

7 : 14 :: 8 : 16; 
hen, the inverse proportion vnR be, 

14 : 7 : : 16 : 8, 
r which the ratio is one-half 

201. Tlie proportion, 

A : B :: G \ D, gives, ^ x i) = i? X 6\ 

To each member of the last equation add B x D. We 
sliall tlien have, 

{A-{- B) X D = {G + D) X B\ 

and by separating the factors, we obtain, 

A ^ B \ B i: G + B : D. 

If, instead of adding, we subtract B x D from both 
members, we have, 

{A ^ B) X D ^ {G - D) X B^ 

which gives, 

^ - i? : ^ ; : C - J9 : 2>. 

That is: If four qua^itities are pi'oportional^ they wiM be 
171 2>roportio7i by co^nposition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 

201. If four qimntitics are in proportion, will they bo in proportion by 
composition? Will they bo in proportion by division? What is the 
JiiTtTcnce between composition and division ? 
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we shall have, by composition, 

+ 27 • 27 : : 16 + 48 : 48; 
that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The same proportion gives ns, by division, 

27 - 9 : 27 :: 48 - 16 : 48; 
that is, 18 : 27 : : 32 : 48, 

lA which the ratio is one and one-half. 

202. If we have, 

B _ D 

A" C 

and multiply the numerator and denominator of the fii'st 
member by any number m, we obtain, 

— - = -y- , and mA : niB : : C \ D, 

mA G 

That is : Equal muLtipUs of two qitmitities have the same 
ratio as tlie qua9itities t/iemselves. 

For example, if we have the proportion, 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 
have, 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

203. The proportions, 

A \ B :: C I D, and A : B : i JEJ : F, 

202. Havo equal multiples of two quantities the same ratio as the 
quantities ? 

203. Suppose the antecedent and consequent be augmented or dimin- 
Jahed by quantities having the same ratio ? 
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give, AxjD = BxC, and AxF= BxE\ 

adding and subtracting these equations, we obtain, 

A(I)dLF)z=B{Cd^E), or A : B . : C ±E . D±P. 

That is : If C and JD^ the ajitecedent and consequenty be 
augmented or diminished by quantities E and F^ which 
Jiave tJie same ratio as G to 2>, ths resulting quantities toiU 
also have tJie same ratio. 

Let us take, as an example, the proportion, 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shall 
have, 

9 + 15 : 18 -f 30 : : 20 : 40; 

that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 •: 20 — 15 : 40 — 30; 
that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

204. If we have several proportions, 

: (7 : 2>, which gives A x I) =i B x C^ 
\ E I F, which gives A x F = B x E^ 
: G : ITy which gives A x H zn B x Oy 
<&c., <&c., 

204:. In any number of proportions having the same ratio, how wiD 
anj ODO antecedent be to its consequent P 



A 


: B 


A 


: B 


A 


B 
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we shall have, by addition, 

a{T) + f+b:) = B{G + E+ GO; 

and by separating the factors, 

A : B .. G '\-E+ G i D +F+ H. 

That is: In any number of proportions having the same 
ratiOy any antecedent will he to its conseqtient as the sum 
of the antecedents to the sum of the conseqtients. 

Let us take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 3 : 6, Ao. 

Tlien 2:4::6 + 3:12 + 6; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

205. If we have four proportional quantities, 

A : B : : G : Bf we have, --j = y^; 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is w, we have, 

-j^ = -y^ , and consequently. 

That is: Jf four quaiitities are proportional^ th>eir like 
powers or roots wiU be proportional. 

K we have, for example, 

2:4 : : 3 : 6, 

we shall have, 2^ : 4^ : : 32 : 6^ ; 

^06, In four proportional quantities, how arc like powers or roots ? 
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that is, 4 : 16 : : 9 : 36, 

'in which the terms are proportional, the ratio being 4. 

206. Lot there be two sets of proportions, ***- 

-B D 

A : li : : C : Dy which gives -j = -^ > 

E \ F \\ G \ H^ which gives •=, = -^ • 

Multiply thcin together, member by member, we have, 

B X F _ D X IT 
A X E '" C X G' 

AxE'.BxFw Ox G \ D X H. 

Tliat is : In two sets of proportional qitantities^ the products 
of the correspo7idmg terms are proportional. 

Thus, if we have the two proportions, 

8 : 16 : : 10 : 20, 

and, 3 : 4 : : 6 : 8, 

we shall have, 24 ; 64 : : 60 : 160. 
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207. We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

206. In two sets of proportions, how arc the products of the correspond- 
ing terms ? 

207. What is a geometrical progression ? What is the ratio of the 
progression ? If any term of a progression be multiplied by the ratio, 
what will the product be? If any term be divided by the rati*, what 
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If WO uave the farther condition, that the ratio of tho 
second term to the third shall also bo the same as that of 
the first to the second, or of the thii'd to the fourth, we shall 
have a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
tcnn be multiiilicd by this quotient, the product will be the 
succeeding terra. A series of numbers so formed, is called 
a geo7netrical progression. Hence, 

A Geometrical Progression^ or progression by quotients^ 
is a scries of terms, each of which is equal to the preceding 
tenn multiplied by a constant number^ wliich number is 
called the ratio of the progression. Tlius, 

1 : 3 : 9 : 27 : 81 : 243, &c., 

is a geometrical progression, in which the ratio is 3. It is 
wiitten by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in which the ratio is one-half. 
In the first progression each term is contained three times 

in the one that follows, and hence the ratio is 3. In the 

second, each t6rm is contained one-half times in the one 

which follows, and hence the ratio is one-half. 
The first is called an increasing progression, and the 

second a decreasing progression. 
Let c/, ^, c, c?, c, /, . . . be numbers, in a progression by 

quotients ; they are -written thus : 

a \ b \ c \ d \ e \ f \ g . . . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distino- 

will the quotient be ? IIow is a p'-ogrcsoion by quotients written ? Wliich 
of the terms is only an antecedent ? Which only a consequent ? IIow 
muy each of the others be considered ? 
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tion, that one is a series foimed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time as 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 

20§. Let r denote the ratio of the progression, 

a : b : c I d * • • 

r being > 1 when the progression is increasing^ and r< 3 
when it is decreasing. Then, since, 

h c d e o, 

a b ' c d ' * 

we have, 

6 = ar, c = br z= ar^^ d z= cr z=: ar^^ e ^ dr = ar*^ 
f z= er =z ar^ . . . 

that is, the second term is equal to ar, the third to ar^^ the 
fourth to ar^, the fifth to ar*, &c. ; and in general, the nth 
term, that is, one which has n — I terms before it, is ex- 
pressed by ar"""^ 

Let I be this term • we then have the formula, 

by means of which we can obtain any term without being, 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

BULE. 

I. liaise the ratio to a power whose eaponent is one less 
tha7i the number of terms, 

n. Multiply the power thus found by th^ first term : the 
product wiU be the required term. 

208. By what letter do wo denote the ratio of a progression? In an 
increaa'mg progrcsaion is r greater or less than 1 ? In a decreasing pro- 



/ 
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EXAMPLES. 

1 . Find the 6th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
5th term = 2 x 2* = 2 x 16 = 32. An$. 

2. Find the 8th tevm of the progression, 

2 : 6 : 18 : 54 . . . 

8th term = 2 x 3' = 2 x 2187 = 4374. Am. 

3. Find the 6th term of the progression, 

2 : 8 : 32 : 128 . . . 
6th term = 2 X 4^ = 2 x 1024 = 2048. Am 

4. Find the 7th term of the progression, 

3 : 9 : 27 : 81 . . . 

7th term = 3 x 3« = 3 x 729 = 2187. Ans. 

5. Find the 6th term of the progression, 

4 : 12 : 36 : 108 . . . 
6th term = 4 x 3^ = 4 x 243 = 972. Ans. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ans. |5.12. 

gression is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second term equal to ? What the third ? W^hat the 
fourth ? What b the last term equal to ? Give the rule for finding the 
last term. 
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7. What is the 8th term of the progression, 

9 : 30 : 144 : 57C . . . 
8th term = 9 X 4' = 9 x 16384 = 14745C. Ana. 

8. Find the 12th term of the progression, 

64 : 16 : 4 : 1 : 7 . . . 
4 



1\" 43 1 1 



Ans. 



f 12th term = 64(7) = — = — = ^^^^^ 
/ U/ 411 48 65536 

/ 209. We will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : k : l\ 

I denoting the nth term. 

We have the equations (Art. 208), 

b = ar, c =z br^ d = cr^ e = dr^ , , . k =: ir^ I =z At, 

and by adding them all together, member to member, wo 
deduce, 

Sum of \tst mtviibu^^ Sum of 2d m&mb^rs, 

b+c+d+e-\- . ..jf:rirk+l={a + b + c + d+ . . . J^i + k)ri 

in which we seo that the first member contains all the terms 
but a, and the polynomial, within the parenthesis in tho 
second member, contains all the terms but L Hence, if wo 
call the sum of the terms /S, we have, 

S -^ a = {S - l)r = JSr ^ Ir, .-. Sr - S ^ Ir -^ a\ 

Ir — a 



whence, S = 



r — 1 



200. Give the rule for finding the sum of the series. What is the first 
sUp r What the second? What '•Ayc \.\uyCl^ 
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Tliorefore, to obtain the sum of all the terms, or sum of the 
scries of a geometrical progression, we have the 

BULE. 

I. Multiply the last term by the ratio : 
n. Subtract the first term from the product : 
in. Divide the remainder by the ratio diminished by 1 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression, 

2 : 6 : 18 : 54 : 162 ... 2 X 3' = 4374. 

Ir - a 13122 - 2 ^^^^ 

S =z = = 65C0. 

r — I 2 

2. Find the sum of the progression, 

2 : 4 : 8 : 16 : 32. 

^ Ir — a 64 — 2 

S = = :j = 62. 

r — 1 1 

3. Find the sum of ten terms of the progression, 

2 : 6 : 18 : 54 : le'^. . . . 2 X 39 = 393C6. 

Ans, 5904a 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment ? 

. j Debt, . . $4095 
^^ * ( Last payment, $2048 

6. A daughter was married on New- Year's day. Iler 
father gave her I5., with an agreement to double it on the 
first' of the next month, and at the beginning of each succeed- 
ing month to double what she had previously received. How 
much did she receive? Ayvs, SfL'^-V Vo^, 



J 
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C. A man bought ten bushels of wheat, on the condition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels ? 

. j Last bushel, $196 83. 
' \ Total cost, $295 24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; ho again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

. j Last, 140737488355328 bush, 
• ( Sum, 160842843834660. 

210. When the progression is decreasing, we have, 
r < 1, and ^ < a ; the above formula. 

It - a 
for the sum, is then written under the form, 

1 — r 

in order that the two terms of the fraction may be positive. 

1. Find the sum of the terms of the progression, 
32 : 16 : 8 : 4 : 2 

32 - 2 X ^ 

^ = ^ = . ? = H = 62. 

1 — r 1 1 



210. What is the formula for the sum of the series of a decreasing 
progression f 
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2. Find the sum of the first twelve terms or the pro- 
gression, 

1 /1\^^ 1 
64 : 16 : 4 : 1 :-:... : 64( jl , or 



65536 



64---4:-;X^ 256- ^ 



„ a-^lr 65536 4 65536 ^, . 65535 
a r= = = = 85 -t 



1 - r 3 8 196608 

4 

211. Remark. — ^We perceive that the principal difficulty 
consiKtB in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terras is not 
very great. 

3. Find the sum of six terras of the progression, 

512 : 128 : 32 . . . 

Am. 682^. 

4. Find the sura of seven terms of the progression, 

2187 : 729 : 243 . . . 

Ans. 3279. 

5. Fmd the sum of six terras of the progression, 

972 : 324 : 108 . . . 

Am. 1456. 

6. Find the sum of eight terms of the progression, 

147456 : 36864 : 9216 . . . 

Am. 196605. 

OF PROGRESSIONS HAVING AN rNFINITE NUMBER OP TERMS. 

212. Let there be the decreasing progression, 

a '. h \ c : d : e*. f \ , . . 

212. When the progrcssiou is decreasing, and the number of terms in- 
.luite, what is the expression for the value of th« swm q1 \3cv<& ^kA^^X 
13 
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.containing an indefinite number of terms. In tbe formula, 
^ a -- It 

mbfititnte for / its value, or*" ', (Art. 208), and we have, 

a — or* 



S = 



1 - r 



^liich expresses the sum of n terms of the progression. 
This may be put under the form, 

« a or* 



1 — r 1 - r 
Now, since the progression is decreasing, r is a proper 
fraction; and r* is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terras we 

take, the more will r x r* diminish, and consequently, 

the more will the entire sum of all the terms approximate 
to an equality with the first part of Sy that is, to — - — • 
Finally, when n is taken greater than any given number, 

or n = infinity, then x r* will be less than any 

given number, or will become equal to ; and the expres- 
sion, , will then represent the true value of the simi 

of all the terms of the series. Whence we may conclude, 
fhat the expression for tha siim of the terms of a decreasing 
progression^ m which the nvmber of terras is infinite^ is^ 

5= -^; 
1 - r* 

ibat IB, egucU to t?^ first term^ divided by i :y4nus the ratio. 
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This is, properly speaking, the limit to which the partial 
Bums approach, as we take a greater number of terms in the 
progression. The diflference between these sums and — — , 
may be made as small as we please, but will only become 
nothing when the number of terms is infinite. 

BXAMPLES. 

1. Find the sum ot 

^•3-i-27-8T^ tomfimty. 
We have, fi>r the expression of the sum of the terms, 

S^ j-^ = -^=? = H. Ans. 
3 

The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 





1-r'^' - 


2\3/' 


First take 


n = 5 ; it becomes, 






2\3/ ""2.3*' 


1 

" 162* 


When w = 


= 6, we find, 






3/iy 1 1 
'2\3/ ■" 162 ^ 3 


1 
"" 486 



Hence, we see, that the error committed by taking - for 
the sum of a certain number of terms, is less in proportion 
as this number is greater. 
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2. Agsun, take the progression, 

, 1 1 1 1 1 JIU 

^ • 2 • 4 • 8 • 16 • 32 • *^ • • • 

Wo have, S = -^ — = = 2. Ans. 

2 

3. What is the sum of the progression, 

^= _l_- = _JL^ =4. Ana. 
l— r 1 _ Ji ^ 

10 

213. In the several questions of geometrical progres- 
«don, there are five numbers to 6«^,considered : 

1st. The first term, . . a. 
2d. The ratio, . . . . r. 
3d. The number of terms, n. 
4th. The last term, . . I. 
6th. The sum of the terms, S. 

314. We shall terminate this subject by solving this 
problem : 

To find a mean proportional between any two numbers, 
as ni and n. 

Denote the required mean by x. We shall then have 
(Art. 197), 

o^ = m X »; 

and hence, x = -/m x n, 

213. How many numbers are considered in a geometrical progression! 
What are they ? 

214. How do you find a mean proportional between two mimberef 
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That is : Multiply the two numbers together^ and extract the 
sqicare root of the product 

1. What is the geometrical mean between the numbers 
2 and 8 ? 

Mean =r -/S x 2 = ^/lQ =: 4. Ans, 

' 2. What is the mean between 4 and 16 ? Ans, 8. 

syWhat is the mean between ^ and 27 ? Ans, 0. 

i. What is the mean between 2 and 72 ? -4n5. 12 

6. What is the mean between 4 and 64 ? Ans, 16, 
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CHAPTER X. 

OF L0GABITUM8. 

215. Tub nature and properties of the logaritlims in 
common use, will be readily understood by oonsidciing 
attentively the different powers of the number 10. They 
are, 

10° = 1 

lO* =: 10 

102 = 100 

10' = 1000 

10* = 10000 . 

10* = ioooo(; 

It is plain that the exponents 0, 1, 2, 3, 4, 5, &c., form an 
arithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, lOCKKK), ifcc., form 
a geometrical progression of which the cbnmion ratio is 10. 
The number 10 is called the base of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 6, &c., are the logarithms of 

215. What relation exists between the exponents 1, 2, 8, &c. ? How 
are the corresponding numbers 10, 100, 1000? What is the common 
diflfcrcnco of the exponents ? What is the common ratio of the oorro- 
sponding numbers ? What is the base of the common system of loga- 
rithms ? What arc the exponents ? Of what number is the exponent 1 
tbe logarithm ? The expoucut 2? The exponent 3 ? 
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the numbers which are produced by rairing 10 to the powers 
denoted by thoee exponents. 

216. If we denote the logarithni of any number by m, 
then the number itself will be the mth power of 10 ; that ia, 
if we represent the corresponding number by M^ 

\{r = M. 

Thus, if we make m = 0, Jlf will be equal to 1 ; if m =1, 
M will be equal to 10, ifcc. Hence, 

The logarithm of a number is the ea^nent of the power 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. If, as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10^ = M, (1.) 

in which m is the logarithm of M, 

If we take a second exponent n, and let N denote the 
corresponding number, we shall have, 

lO" = N, (2.) 

in which n is the logarithm of K. 

If, now, we multiply the first of these equations by the 
second, member by member, we iave, 

\0^ X 10* = lO"*-^" z=z M X N\ 

but since 10 is the base of the system, m + n \& the loga- 
rithm M X N\ hence, 

216. If we denote the base of a sjBtem by 10, and the exponent by 
»i, what will represent the oorreeponding number? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal f 
To what, then, will the addition of logarithms correspond ? 



2^6 ELEMKNTAKY ALOKBKA. 

The sum of the logarithms of any two numbers is equal 
to the logarithm of their product. 

Therefore, th>e addition of logarithms corresponds to the 
muleipliccUion of their numbers, 

«18. If we divide Equation ( 1 ) by Equatioii^( 2 ), mem- 
ber by member, we have, 

but since 10 is the base of the system, m — n is the loga- 
rithm of -^7=.; hence. 

If one number be divided by a^wther^ the logarithm of 
the quotient will be equal to ths logarithm of (he dividend^ 
diminished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to 
the division of their numbers, 

a 19. Let us examine further the equations, 

10<> = 1 
10^ = 10 
102 = 100 
10» = 1000 

&€., &G. 

It is plain that the logarithm of 1 is 0, and that the logar 
rithm of any number between 1 and 10, is greater than 

218 If one number be divided by another, what will the logariUim 
of tlic quotient be equal to ? To what, then, will the subtraction of loga- 
rithms correspond? 

21'.). What is the logarithm of 1? Between what limits are the loga- 
rithius of ai numbers between 1 and 10? How are they gcncrully ex 
pressed f 
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and less than 1, The logarithm is generally expressed by 
decimal fi-actions ; thus, 

log 2 = 0.301030. 

The logarithm of any nmnber greater than 10 and less 
than 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 50 r= 1.698970. 

The part of the logarithm which stands at the left of the 
decimal point, is called the cTiaractenstic of the logarithm. 
,The characteristic is always one less than the number of 
places of fibres in tha number whose logarithm is taken. 

Thus, in the firat case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OP LOGABITOMS. 

220. A table of logarithms is a table in which are wr ♦. 
ten the logarithms of all numbers between 1 and some oth?f 
given number. A table showing the logarithms of th^ 
numbers between 1 and 100 is annexed. Tlie numbers ar«> 
written in the column designated by the letter N, and th# 
logarithms in the column designated by Log. 



How is it with the logarithms of numbers between 10 and 100? Wha* 
is that part of the logarithm called which stands at the left of the char 
n?tpristic? What is the value of the characteristic? 

220. What is a table of logarithms? Explain the manner of finding 
Vnc logarithms of numbers between 1 and 100^ 
IS* 
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ELEMENT ABT ALOEBBA. 



TABLE. 



pq 

1 


Log. 


■Tq 


Log. 


P^ 


w 


pr 


Log- 


0.000000 


26 


1.414973 


61 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447168 


63 


1.724276 


78 


1.892096 


4 


0.602060 


29 


1.462398 


64 


1.732394 


79 


1.897627 


6 


0.698970 


SO 


1.477121 


66 


1.740363 


80 


1.903090 


6 


0.778161 


31 


1.491362 


66 


1.748188 


81 


1.908486 


7 


0.845098 


32 


1.606160 


67 


1.766876 


82 


1.913814 


8 


0.903090 


33 


1.618614 


68 


1.763428 


83 


1.919078 


9 


0.964243 


34 


1.631479 


69 


1.770862 


84 


1.924279 


10 


1.000000 


36 


1.544068 


60 


1.778161 


86 


1.929419 


11 


1.041393 


36 


1.566303 


61 


1.786330 


86 


1.934498 


12 


1.079181 


37 


1.668202 


62 


1.792892 


87 


1.939619 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.691066 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.602060 


66 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.621784 


66 


1.819644 


"91 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826076 


92 


1.963788 


18 


1.266273 


43 


1.633468 


68 


1.832609 


93 


1.968483 


19 


1.278764 


44 


1.643463 


69 


1.838849 


94 


1.973128 


20 


1.301030 


46 


1.653213 


70 


1.846098 


95 


1.977724 


21 


1.322219 


46 


1.662768 


7l 


1.861268 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.867333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.996636 


26 


1.397940 


60 


1.698970 


76 


1.875061 


100 


2.000000, 



EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
logarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243; and their 
sum, which is 1.857333, will be the logarithm of the product. 
In searching along in the table, we find that 72 stands oppo- 
site this logarithm ; hence, 72 is the product of 8 by 9. 



OF LOGARITHMS. 20^ 

2. What is the product of Y by 12? 

Logarithm of Y is, . . , , 0.846098 
Logarithm of 12 is, . , . . 1.079181 

Logarithm of their product, . , 1.024279 

and the corresponding number is 84. ' 

3. What is the product of 9 by 11 ? 

Logarithm of 9 is, . . • • 0.954243 
Logarithm of 11 is, . . . 1.041393 

Logarithm of their product, , 1.995630 

and the corresponding number is 99. 

4. Let it be required to divide 84 by 3. We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
3, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 

The logarithm of 8 is, . . . 0.477121 

Their difference is, . . . . 1.447168 
and the corresponding number is 28, 

6. What is the product of 6 by 7 ? 

Logarithm of 6 is, . . . . 0.778161 
Logarithm of 7 is, . . . . 0.845098 

Then- sum is, 1.623249 

and the corresponding mmiber of the table, 42. 



The JVational Series of Slanda9*d SchoolSooks, 

MODERN LANGUAGE. 



French and English Primer, f lo 

German and English Primer, ...... lo 

Spanish and English Primer, lo 

The namoB of oommon otiJectB properly lUastratod and arranged in easy 
lessons. 

Ledru's French Fables, • • ®^ 

Ledru's French Grammari i oo 

Ledru's French Reader, i oo 

The author's long experience has enabled him to present the most Ihor- 
noghly practical text-books extant, in this branch. The system of pro- 
nunciation (by phonetic illustration) is original irith this author, and will 
oommend itself to all American teachers, as it enables their piqiils to se- 
cure an absolutely correct pronunciation irithout the assistance of a native 
master. This feature is peculiarly valuable also to " self-taught'* students. 
The directions for ascertaining the gondor of French nouna—also a great 
stumbling-block— are peculiar to this irork, and will be found remarkably 
competent to the end proposed. The cridelsm of touchers and the test of 
the school-room is inidted to this excellent series, with confidence. 

Haskin's French .and English First Book • 80 

Presents the striking feature of a simultaneous presentation Kd the ele- 
mentary principles of the vernacular with those of a foreign langoaga 
This is the method which the practical teacher naturally pursues in onl 
instruction, and possesses peculiar advantages in application to young 
pupils. 

Pujol's Complete French Class-Book, . . . 2 50 

Offers, in one volume, methodically arranged, a complete French course 
— usually embraced in series of from flvo to twelve books, including the 
bulky and expensive Lexicon. Here are Grammar, Oonversation, and 
choice Literature— selected ft-om the best French authors. Each branch 
is thoroughly handled ; and the student, havlnji; diIi;;ouUy completed the 
course as prescribed, may consider himself, without further application, 
aufcal in the most polite and elegant language of modern times. 

Haurice-Poitevin's Grammaire Francaise, • i oo 

American schools are at last supplied with an American edition of this 
famous text-book. Many of our best institutions have fbr years been pro- 
curing it from abroad rather than forego the advantages it offers. The 
policy of putting students who have acquired some proficiency from the 
ordinary text-books, into a Grammar written in the vernacular, can not 
be too highly commended. It affords an opportunity for finish and review 
at once ; while embodying abundant practice of its own rules. 

Worman's Elementary German Grammar, . i oo 

A work of great merit. Well calculated to ground the student in the 
elements of this language, become so important by the extensive settio- 
raent of Germans in this country. 

Wlilard's Historia de los Estados Unidos, - 2 oo 

Tho History of the United States, translated by Professors Tolon and 
ZfE ToByoe, will be found a YaluaUe^ ixustoufttvv^ «ax<i ^atectaininc read- 
iDg-book, for Spanish c' 



The JVational Series of Sta7idard School- SooA:s, 

THE CLASSICS. 



BROOKS' SERIES. 
Brooks' First Lessons in Latin I so 

Ib composed of a regular eeriefl of inductive exercisos forbeginnerB, and 
is a Grammar, Reader, and Dictionary oombiiied. 

Brooks' Historia Sacra, 80 

Selections from the Scriptures, in easy Latin, for lower classea ID' 
crudes copious notes and a Lexicon, with exercises in Grammar. 

Brooks' First Greek Lessons, bo 

Arranged on the same plan as the author^s Latin Lessona . 

Brooks' Collectanea Evangelica, ... 80 

Selections from the four Gospels, in Greek, forming a connected history 
of the life of the Saviour. Notes and Lexicon. 

Brooks' Ross' Latin Grammar, i 25 

A very popular text-book— mnch improved by PrQf. Bbooks^ ex- 
perienced hand. 

Brooks' Viri lUustres Americse, i 75 

The lives of illustrious Americans, in Latin, with copious lUnstrations, 
Notes, and Lexicon. The language is used in its purest type, whQe sim- 
ple, and adapted to the wants of students not yet prepared for the more 
diflicult construction of classical authors. 

Brooks' Caesar's Commentaries, i 75 

The handsomest and most complete annotated edition of any classical 
author ever published. The Yolyme contains a map of Gaul, Life of Caesar 
in Enp^lish, Table of Epochs, eleven full-page battle plans, countless illus- 
trutivo engravings, an extended ** Argument" prefacing each book, full 
Notes, References to Andrews & Stoddard's Latin Grammar, and a com- 
pleto Lexicon— all furnished at as low price as any other edition. 

Brooks' Ovid's Metamorphoses 2 50 

PosBcsses all the advantages claimed for the preceding volumes. All 
objectionable matter is carefully expurgated. 



Silber's Latin Reader, i 50 

A complete work, with Exorcises, Notes, lexicon, and References to the 
tliree leading Latin Grammars, Andrews & Stoddard's, Bullions^ and 
Ilarkness'. 

Dwight's Grecian and Roman Mythology. 

School edition, $1 25 ; University edition, 2 50 

A knowledge of the fables of antiquity, thus presented in a systematic 
form, is as indispensable to the student of general literature as to him 
who would peruse intelligontly the dasdcal authors. The mythological 
allusions so frequent in UteratuTQ aie loadil^ ^aA^i«iuvi^VCC&.^sv>5SQL^^^Sjsi 

as this. 



The National Series of Standard School-Sooks, 

NATURAL SCIENCE FOR SCHOOLS. 



FAMILIAR SCIENCE 
Norton & Porter's First Book of Science, • H so 

By eminent ProfeMora of Yale Oollega Ckmtolns the principles of 
Natural Philosophy, Astronomy, Chemistry, Physiology, and Geology. 
Arranged on the Catechetical plan for primary classes and beginners. 

Chambers' Treasury of Knowledge, ... i 25 

Progressive lessons upon— j&se, common things which lie most imme-^ 
diatelv around us, and first attract the attention of the young mind ; 
seoma, common objects from the Mineral, Animal, and Vegetable king- 
doms, manufactured articles, and miscellaaeoas substanoes ; tMrd, a sys- 
tematic view of Nature under the Tarlous ideiioes. May be and as a 
Reader or Text-Book. 

NATURAL PHILOSOPHY. 
Norton's First Book in Natural Philosophy, i oo 

By Prof. NoBTON, of Yale College. Designed for beginners ; profosSy 
illustrated, and arranged on the Catechetical plan. 

Peck's Ganot's Course of Nat. Philosophy, i 88 

The standard text-book of France, Americanized and popularised by 
Prof. Peck, of Columbia College. The most magnificent syston of illus- 
tration ever adopted in an American school-book is here found. For 
intermediate classes. 

Peck's Elements of Mechanics, 2 50 

A suitable introduction to Bartlett*s higher treatises on Mechanical 
Philosophy, and adequate in itself for a complete academical course. 

Bartlett's Synthetic Mechanics, ^00 

Bartlett's Analytical Mechanics, 6 00 

Bartlett's Acoustics and Optics, 3 00 

A system of Collegiate Philosophy, by Prof BABTUsn, of West Point 
Military Academy. 

G-EOLOG-Y. 

Page's Elements of Geology, 1 25 

A volume of Chambers* Educational Course. ^Practical, simplG, and 
eminently calculated to make the study interesting. 

Emmon's Manual of Geology, 1 50 

The drat Geologist of the country has here produced a work worthy of 
ii/5 repa tation. The plan of presenUng t\ift a\x^Wi\. \tt wa Ocmwja Im^rove- 
mcnt oD oldor methods. The depailmQB^ ot ¥«:1]»qtx\aV>^ x^^rr^n^^ «^^ 
cial attoQtion, 
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NATURAL SCIENCE-Continued. 

CHEMISTRY. 

Porter's First Book of Chemistry, • • • $100 
Porter's Principles of Chemistry, . . . . 2 00 

Tlio above are widely known as the prodnctions of one of tho most 
eminent scientific men or America. The extreme simplicity in the method 
of presenting the science, while exhaustively treated, haf excited uni- 
versal commendation. Apparatus adequate to the performance of every 
experiment mentioned, may be had of the publishers for a trilling sum. 
The effort to popularize the science is a great success. It is now within 
the reach of the poorest and least capable at once. 

Darby's Text-Book of Chemistry, . • • • 1 75 

Purely a Chemistry, divesting the suhject of matters comparatively 
foreign to it (such as heat, light, electricity, etc.), but usually allowed to 
engross too much attention in ordinary school-books. 

Gregory's Organic Chemistry, 3 oo 

Gregory's Inorganic Chemistry, • . . . . 8 00 

The science exhaustiTely treated. For colleges and medical studonUs. 



NATURAL HISTORY. 
Carl's Child's Book of Natural History, . . o 60 

Illustrating tho Animal, Vegetable, and Mineral Kingdoms, with appli- 
cation to the Arts. For beginners. BeautiMly and copiously illustrated. 

BOTANY. 
Thinker's First Lessons in Botany, ... 50 

For childrea The technical terms are largely dispensed with in favor 
of an easy and Cetmiliar style adapted to the smallest learner. 

Wood's Object Lessons in Botany, .... i 50 

Wood's Intermediate Botany, 2 50 

Wood's New Class-Book of Botany, ... 3 75 



The standard text-books of tho United States in this department In 
stylo they are simple, popular, and lively; in arrangement, easy and nat- 
ural ; in description, graphic and strictly exact The Tables for Analysis 
are reduced to a perfect system. More are annually sold than of all others 
combined. 

Darby's Southern Botany, 2 oo 

Embracing general Structural and Physiologicol Botany, with vegetablG 
products, and descriptions of Soath.eirxi 'pVan^A, «si^ ^ wn»5^a\a^Vst».^"^ 
tliG Southera iStates. 
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PHYSIOLOO-Y. 
Jarvis' Primary Physiology, ..... 4 so 
Jarvis' Physiology and Laws of Health, - 1 75 

Tho only books extant wmdi approach this suljject with a proper view 
of the trae object <^ teaching Physiology in aehools, yim., that eeholars 
may know how to take care of their own health. In bold contrast with 
the abstract ilno/omids, which children learn as they woald Greek or 
Lathi (and forget aA soon), to dt'actptttie iht. m^nd, are these text-books, 
using the tdmot as a secondary consideration, and only so fiur as is t 

necessary for the oomprehension of tho \aM% of hdaSih, 

Hamilton's Vegetable & Animal Physiology, i 25 

The two branches of the science combined in one vdmne lead the sta- 
dont to a proper comprehension of the Analogies of Natnre. 



3 00 



ASTRONOMY. 
Willard's School Astronomy, 

By means of clear and attractive iUnstranons, addressing the eye in 
many cases tyy analof^es, careful definitions of all nsoessary technical 
terms, a caiofnl avoidance of verbiage and unimportant matter, particular 
attention to analysis, and a general adoption of the simplest methods, 
Mrs. Willord has made the best and most attractive stenumtarj/ Astron- 
omy extant 

Mclnlyre's Astronomy and the Globes, . . i so 

A complete treatise for intermediate classes. Highly iqn?zx»ved. 

Bartlett's Spherical Astronomy, 4: so 

The West Point course, for advanced classes, with applications to the 
current wants of Navigation, Geography, and Chronology. 

ZOOLOG-Y. 
Chambers' Elements of Zoology, i 50 

A complete and comprehensive system of Zoology, adapted for aca- 
demic instruction, presenting a systematio view of the Animal Kingdom 
as a portion of extemiU Nature. 
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